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Abstract. In this paper we study non-abelian extensions of a Lie group G modeled on a locally 
convex space by a Lie group N . The equivalence classes of such extension are grouped into those 
corresponding to a class of so-called smooth outer actions S of G on Af . If S is given, we show 
that the corresponding set Ext(G,Af)s of extension classes is a principal homogeneous space of the 
locally smooth cohomology group H^^{G,Z(N))s ■ To each S a locally smooth obstruction class 
x{S) in a suitably defined cohomology group H^^{G,Z{N))s is defined. It vanishes if and only if 
there is a corresponding extension oi G hy N . A central point is that we reduce many problems 
concerning extensions by non-abelian groups to questions on extensions by abelian groups, which 
have been dealt with in previous work. An important tool is a Lie theoretic concept of a smooth 
crossed module a:H—>G, which we view as a central extension of a normal subgroup of G . 
Keywords: Lie group extension, smooth outer action, crossed module. Lie group cohomology, 
automorphisms of group extension 
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Introduction 

In the present paper we continue our investigation of extensions of infinite-dimensional Lie 
groups. In this sense it is a sequel to [Ne02] and [Ne04a], where we studied central, resp., 
abelian extensions. We now turn to extensions by groups which are not necessarily abelian. 

The concept of a (not necessarily finite-dimensional) Lie group used here is that a Lie group 
G is a manifold modeled on a locally convex space endowed with a group structure for which 
the group operations are smooth (cf. [Mil83], [GlOl]). An extension is an exact sequence of Lie 
groups N ^ G — » G which defines a locally trivial smooth A'^ -principal bundle over the Lie 
group G. It is called abelian, resp., central if N is abelian, resp., central in G. This setup implies 
in particular that for each extension q: G ^ G of G by iV there exists a section a:G^G oi q 
mapping 1 to 1 which is smooth in an identity neighborhood of G . Starting with such a section, 
we consider the functions 

S:G^Knt{N), S{g){n) -.^ o{g)na{g)'\ u;:GxG^N, {g, g') ^ a{g)a{g'MggT' ■ 

Then the map N x G —^ G, (n, g) ^ na{g) is a bijection, and transferring the group structure 
from G to N X G yields 

(t) {n.g)in'g') = 5'), 99')- 

In the first half of the present paper we are mainly concerned with the appropriate smooth- 
ness requirements for the functions S and uj under which the product set N x G with the group 
structure given by (f) carries a Lie group structure for which N x G ^ G, {n, g) 1-^ g is an 
extension of Lie groups, and when such Lie group extensions are equivalent. The natural context 
to deal with such questions is a non-abelian locally smooth Lie group cohomology introduced 
in Section I. In Section II the cohomological setup is linked to the classification of Lie group 
extensions of G by A'^ . In particular we show that all such extensions are constructed from pairs 
of maps (5, oj) as above, where 
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(1) S{g)S{g') = c^{g,g')S{gg') for g,g' G G and Cn{n') := nn'n ^ denotes conjugation. 

(2) S{g){u{g', g")Mg, g'g") = u;{g, g'Mgg', g") for g, g', g" e G. 

(3) The map G x N ^ N,{g,n) ^ S{g)n is smooth on a set of the form U x N , where U is 
an identity neighborhood of G . 

(4) Lo is smooth in an identity neighborhood. 

(5) For each g & G the map cOg-.G N,x i-^ u}{g,x)u){gxg~^ ,g)~^ is smooth in an identity 
neighborhood of G. 

Conditions (1) and (2) ensure that N x G is a. group with the multiphcation defined by 
(f ) , and (3)-(5) imply that N x G can be endowed with a manifold structure turning it into a 
Lie group. In general this manifold will not be diffeomorphic to the product manifold N x G, 
but the projection onto G will define a smooth A''-principal bundle. A map S:G ^ Aut(-/V) 
satisiying (3) and for which there is an w satisfying (1) is called a smooth outer action of G 
on TV. 

In the setting of abstract groups, the corresponding results are due to Eilenberg and 

MacLane ([EML47]). In this context it is more convenient to work with the homomorphism 
s:G^ Out{N),g i-^ [S{g)] defined by S . They show that if there is some extension correspond- 
ing to s, then all A'' -extensions of G corresponding to s form a principal homogeneous space 
of the cohomology group H'^{G , Z{N))s ■ where Z{N) is endowed with the G-modulc structure 
determined by s. In loc.cit. it is also shown that, for a given s, there is a characteristic class 
in H^{G, Z{N))s vanishing if and only if s corresponds to a group extension. In Section II we 
adapt these results to the Lie group setting in the sense that for a smooth outer action S , wc 
show that a certain characteristic class x(5') in the Lie group cohomology H^g{G, Z{N))s deter- 
mines whether there exists a corresponding Lie group extension, i.e., there exists another choice 
of Lo such that also (2) is satisfied. We further show that in the latter case the set Ext(G', A^)s 
of A^ -extensions of G corresponding to 5 is a principal homogeneous space of the cohomology 
group H^g{G,Z{N))s defined in Section I. 

A particular subtlety entering the picture in our Lie theoretic context is that in general the 
center Z{N) of A^ need not be a Lie group. For the results of Sections I and II it will suffice 
that Z{N) carries the structure of an initial Lie subgroup, which is a rather weak requirement. 
For the definition of the Z{N) -valued cochain spaces this property is not needed because we use 
a definition of H'^g{G, Z{N))s and H^g{G, Z{N))s that does not require a manifold structure 
on Z{N) since we consider Z( A') -valued cochains as AT -valued functions to specify smoothness 
requirements. 

In Section III we introduce crossed modules for Lie groups and discuss their relation to 
group extensions. A crossed module is a morphism a:H—>^G of Lie groups for which im(a) 
and ker(a) are split Lie subgroups, together with an action oi G on H lifting the conjugation 
action of G and extending the conjugation action of H on itself. Then ker(a) ^ H —» im(a) 
is a central extension of A" := im(a) by Z := ker(a) and the question arises whether this Z- 
extension of A^ can be enlarged in an equivariant fashion to an extension oi G hy Z . As in 
Section II, it turns out that such an enlargement exists if and only if a certain cohomology class 
in H^^{G,Z)a vanishes (Theorem III.8). 

If the group N is abelian, then the data given by a smooth outer action S of G on N 
is the same as a smooth G-module structure on A^. In Section IV we start with this data and 
the assumption that Z{N) is a split Lie subgroup of A^, so that we have a central Lie group 
extension Z{N) ^ N ^ A^ad := N/Z{N). From that we construct a Lie group G^ which is 
an extension of G by A'ad, depending on S*, which has the interesting property that all A^- 
extensions of G corresponding to S are extensions of the Lie group G^ by Z{N) . Moreover, the 
map A' A^ad C G^ together with the natural action of G^ on A' defines a crossed module of Lie 
groups whose characteristic class coincides with the characteristic class x{S) G H^{G,Z(N))s- 

These observations reduce many questions on general Lie group extensions to the special 
case of abelian extensions which has been treated in detail in [Ne04a]. In particular, the question 
whether a topologically split extension n ^ g ^ g of Lie algebras is integrable if we assume 
that we already have groups G and A^ , together with a compatible smooth outer action of G on 
N , can be reduced to the question whether the corresponding abelian extension 3(n) g"^ — » 
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is integrable, which is characterized in [Ne04a] by the discreteness of the image of a period 
homomorphism 772 (G'^) — * d{^) ■ In [Ne04a] we also describe an exact sequence which explains 
how the cohomology group H'^{G, Z{N))s is given in terms of topological data associated to the 
group G and the corresponding Lie algebra cohomology space Hf. {Q. i{n))s ■ 

Non-abelian extensions of Lie groups occur quite naturally in the context of smooth prin- 
cipal bundles over compact manifolds. If g:P ^ M is a smooth -principal bundle over the 
compact manifold, where ii" is a finite-dimensional Lie group, then the group Aut(P) is a Lie 
group extension 

Gau(P) ^ Aut(P) Difr(M)[p], 

where Gau(P) is the gauge group of P and Diff (M)[p] is the open subgroup of Diff(M) 
consisting of all diffeomorphisms preserving the bundle class [P] under pull-backs. If K is 
abelian, then Gau(P) = C°° (M, K) and we have an abelian extension. 

In an appendix we collect several results on automorphisms of group extensions and on 
smooth Lie group actions on Lie group extensions. Although only very specific results of this 
appendix are used in the present paper, we felt that they are very useful in many different 
contexts, so that it makes good sense to collect them in such an appendix. For a discussion of 
automorphisms of abstract groups from a cohomological point of view, we refer to Huebschmann's 
paper [Hu81a]. 

The problem to parameterize all extensions of a given group G by a group AT is a core 
problem in group theory. It seems that the first systematic treatment using a parameterization 
of the extended group G as a product set N x G is due to Schreier ([Sch26a/b]). He mainly 
works with presentations of the groups involved. Baer discovered the first examples of outer 
actions for which no group extensions exist ([Baer34]), and Turing refined the methods introduced 
by Baer for abelian extensions to extensions by non-abelian groups ([Tu38]). In particular he 
discusses extensions of a finite cyclic group by a group N . Cohomological methods to study group 
extensions first appear in the work of Eilenberg and MacLane ([EML42/47]) who coin the term 
G -kernel for a pair (A, s) consisting of a group A and a homomorphism s:G Out(A) . They 
show that all extensions corresponding to a given kernel can be parametrized by the cohomology 
group H^{G, Z{N))s and that the obstruction of a kernel to correspond to a group extension is 
an element in H^{G, Z{N))g . They also prove for a given G-module Z and each cohomology 
class c S H^{G,Z) the existence of some G-kernel ( A, s) with Z{N) = Z whose obstruction 
class is c. In loc.cit. one even finds the reduction to abelian extensions in the sense that A- 
extensions of G corresponding to s can also be described as Z(Af) -extensions of a group G* , 
depending only on s . 

Non-abelian extensions of topological groups have been studied by Brown under the as- 
sumptions that G and A are polonais ([Br71]). Then the appropriate group cohomology is 
defined by measurable cocycles, and there is a natural action of the group (G, A) of measur- 
able cochains on a certain set of pairs [S, uj) , also satisfying certain measurability conditions, 
such that the orbits [(S', w)] of C^{G,N) are in one-to-one correspondence with the equivalence 
classes of topological extensions of G by A (cf. our Corollary 11.11). 

For a survey of the relations between group cohomology and non-abelian group extensions 
with twisted actions and crossed product algebras we refer to [RSWOO]. Non-abelian group 
extensions also arise naturally in mathematical physics ([CFNW94]), where the groups involved 
are mostly infinite-dimensional Lie groups, although they are often dealt with by ad hoc methods, 
and not in the framework of a general theory, to which we contribute with the present paper. 

In a subsequent paper we plan to return to this topic and address the question how 
to describe elements of H^{G,Z), where Z is a smooth G-module, in terms of Lie algebra 
cohomology classes in H^{q,^) and topological data associated to G and Z , a topic that has 
been dealt with in degree 2 in [Ne04a]. Another interesting question is how to realize classes 
in Hg(G,Z) as characteristic classes of smooth crossed modules a: Hi H2 with ker(a) = Z 
and coker(a) = G . Both questions are of particular interest if G is a group of diffeomorphisms 
of a compact manifold M and 3 is the quotient of the space QP{M,M.) of smooth p -forms on 
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M modulo the subspacc of exact forms. Further, it should be possible to describe the criteria 
for the integrability of the abelian Lie algebra extensions 3(n) > g'^ arising in Section IV 
directly in terms of data associated to G, N and the smooth outer action S . 



I. Lie groups and their cohomology 

In this section we introduce notation and terminology used throughout this paper. In particular 

we describe a natural cohomology for Lie groups also used in [Ne04a] in the context of abelian 
extensions and provide some basic results and calculations that will be crucial for the extension 
theory. 



Infinite-dimensional Lie groups 

Infinite-dimensional manifolds: In this paper K e {R, C} denotes the field of real or 
complex numbers. Let X and Y be topological K-vector spaces, U C X open and f:U^Ya, 
map. Then the derivative of f at x in the direction of h is defined as 

df{x)ih) ■.= \im^{f{x + th)-f{x)) 

whenever the limit exists. The function / is called differentiable at x if df{x){h) exists for all 
h € X . It is called continuously differentiable or if it is continuous, differentiable at all points 
of U , and 

df:U xX ^Y, (a;, h) ^ df{x){h) 

is a continuous map. It is called a C" -map if / is and df is a C"~^-map, and C°° [smooth) 
if it is C" for all n G N. This is the notion of differentiability used in [Mil83] and [GlOl], where 
the latter reference deals with the modifications necessary for incomplete spaces. Since we have 
a chain rule for -maps between locally convex spaces, we can define smooth manifolds as in 
the finite-dimensional case. 

Lie groups: A Lie group G is a smooth manifold modeled on a locally convex space for 
which the group multiplication and the invca-sion are smooth maps. We refer to [Mil83] for basic 
results on Lie groups in this context. We write 1 € G for the identity element, 

Ag(a:) := gx, Pg{x) := xg and Cg{x) := CG{g){x) := gxg~^ 

for left and right translations, resp., conjugation on G. The group of all Lie group automorphisms 
of G is denoted Aut(G), we write Gg(G) = {cg'-g G G} for the normal subgroup of inner 
automorphisms^ and Out(G) :~ pMt{G) / Cg{G) for the quotient group of outer autom,orphisms. 
The conjugation action of G is the homomorphism Gg-G — > Aut(G) with range Cg{G) . For 
a normal subgroup N < G we write Gn'-G ^ Aut(A^) with CN{g) := Ccig) \ n- If G is a 
connected Lie group, then we write qc-G ^ G for its universal covering Lie group and identify 
TTi (G) with the kernel of qg ■ 

Lie subgroups: A subgroup < G of a Lie group G is called an initial Lie subgroup if it 
carries a Lie group structure for which the inclusion map G is an immersion in the sense 

that the tangent map Tr. TH TG is fiberwise injective, and for each smooth map f:M^G 
from a smooth manifold M to G with im(/) C H the corresponding map t^^ o f:M ^ H is 
smooth. The latter property implies in particular that the initial Lie group structure on H is 
unique because if //: H' ^ G also is a smooth injective immersion of a Lie group with t'(-ff') = H 
and such that for each smooth map f:M^G with im(/) C H the map t'~^ o /: M — > if' is 
smooth, then in particular the maps ol'-.H' — > H and ou-.H — > H' are smooth morphism 
of Lie groups. Since these maps are each others inverse, the Lie groups H and H' are isomorphic. 

Lie algebras of Lie groups: Each x e Tx{G) corresponds to a unique left invariant 
vector field xi with g.x := xi{g) := dXg{l).x,g € G. The space of left invariant vector fields is 
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closed under the Lie bracket of vector fields, hence inherits a Lie algebra structure. In this sense 
we obtain on the locally convex space Ti{G) = a continuous Lie bracket which is uniquely 
determined by the relation [x,y]i = [xi,yi]. 

We call a Lie algebra g which is a topological vector space such that the Lie bracket is 
continuous a topological Lie algebra g. In this sense the Lie algebra L(G) := (Ti(G), [•, •]) of a 
Lie group G is a locally convex topological Lie algebra. 

Topological splitting: A linear subspace W oi a. topological vector space V is called 
(topologically) split if it is closed and there is a continuous linear map a:V/W — » V for which 
the map 

W X V/W ^ V, {w, x)i-->w + a{x) 

is an isomorphism of topological vector spaces. Note that the closedness of W guarantees that 
the quotient topology turns V/W into a Hausdorff space which is a topological vector space 
with respect to the induced vector space structure. A continuous linear map f:V ^ W between 
topological vector spaces is said to be (topologically) split if the subspaces ker(/) C V and 
im(/) C W are topologically split. 



Locally smooth cohomology of Lie groups 

Definition I.l. If G and are Lie groups, then we put C^{G,N) := A^ and for p E N we 
call a map /: G*' ^ A^ locally smooth if there exists an open identity neighborhood U 'Z G^ such 
that f\u is smooth. We say that / is normalized if 

c/j = 1 f{9i,---,9p) = 'i- 

We write Gf(G, A^) for the space of all normalized locally smooth maps G^ ^ N , the so-called 
(locally smooth) p-cochains. 

We shall see below that for p = 2 and non-connected Lie groups, we sometimes have to 
require additional smoothness: We write Cg^{G,N) for the set of all elements u e C^{G,N) 
with the additional property that for each g € G the map 

Ug-.G^N, X u){g,x)u){gxg~'^,g)~'^ 

is smooth in an identity neighborhood of G. Note that u!g{l) = 1. 
For f eGl{G,N) we define 

Sf.GxG^N, 6f{g,g') := f{g)f{gV{ggT' 

and observe that 

(SfU^) = Sfig,x)Sfigxg-\g)-' = f{,g)f{x)f{gx)-'f{gx)f{g)-'f{gxg-')-^ 

= f{9)f{x)f{g-')f{gxg-')-' 

is smooth in an identity neighborhood of G, so that 5f £ G'^g{G, N). 

If G and A^ are abstract groups, we write Gp{G,N) for the set of all functions G^ — > A^ .■ 

For the following we also observe that for h,f€ G^ (G, A^) we have 

(1.1) Shf{g,g') = h{g)f{g)h{g')f{g')f{gg')-^h{gg')-^ = h{g)cf^g){h{g'))df{g,g')h{gg')-'- 

For cochains with values in abelian groups, resp., smooth modules, the following definition 
recalls the natural Lie group cohomology setting from [Ne04a] . 
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Definition 1.2. Let G bo a Lie group and A a smooth G-m,odv.le. i.e., a pair (A.S) of 
an abelian Lie group A and a smooth G -action G x A A given by the homomorphism 
S:G ^ Aut{A). We call the elements of C^{G,A) (locally smooth normalized) p-cochains and 
write 

ds:C^{G,A)^C^+\G,A) 

for the group diff^erential given by 
idsf){go,---,gp) 

p 

■■= S{go){f{9u ...,9p))+ $^(-l)V(5o, • • .,9j-i9j, • • • + (-If+VlSo, • • .,9p-i)- 

i=i 

It is easy to veriiy that ds{GP{G,A)) C C|'+^(G,A). We thus obtain a sub-complex of the 
standard group cohomology complex {C*{G, A), ds) ■ In view of d| = 0, the space Zp{G, A)s := 
^ei ds\cp(G,A) of p-cocyc/es contains the space Bp{G,A)s ■= ds{C^~^{G,A)) of p-coboundaries. 
The quotient 

Hf{G,A)s := Z^{G,A)s/BP{G,A)s 

is the p*'' locally smooth cohomology group of G with values in the G -module A. We write 
[/] e HP{G,A)s for the cohomology class of a cocycle / e Zp{G,A)s- ■ 

In the following we also need generalizations of Lie group cohomology to settings where the 
target groups are non-abelian. For 1 -cocycles the generalization is quite straight forward: 

Definition 1.3. Let G and be Lie groups and S:G^ Aut(iV) a homomorphism defining 
a smooth action of G on A^. A function / G Gl{G,N) is called a 1 -cocycle (or a crossed 
homomorphism) if 

fi99') = f{9)Si9){f{9')) for all 9,9' 

We write Zl{G, N)s for the set of all 1-cocycles G — > iV with respect to the action of G on A'' 
given by S. The group TV = C°{G, N) acts on Zl{G, N)s by 

(n./)(5) ■.= nf{g)Sig){n)-\ 

and the set of orbits of A'' in Zl{G, N)s is the cohomology set 

Hl{G,N)s:=Zl{G,N)slG. m 

For the extension theory of Lie groups we also need non-abelian 2-cocycles, but for the 
appropriate concept we have to weaken the setting of a smooth action of G on A?^ as follows. 

Definition 1.4. Let G and TV be Lie groups. We define G^ (G, Aut(A^)) as the set of all maps 
5: G — > Aut(A^) with S{1) = id^ and for which there exists an open identity neighborhood 
U C G such that the map 

UxN^N, {g,n) ^ S{g){n) 

is smooth. 

We call a map S € G^ (G, Aut(A^)) a smooth outer action of G on N if there exists 
CO e Cg{G, N) with Ss = Cn o ■ It is called strongly smooth if w can be chosen in the smaller 
set Cl{G,N). 

On the set of smooth outer actions we define an equivalence relation by 

Sr^S' ^ {3he Gl{G, TV)) S' = {Gn oh)-S. 

In Lemma 1. 10 below we shall see that for each (strongly) smooth outer action 5* the outer action 
Sh ■= {Gn o h) ■ S also is a (strongly) smooth outer action because 63 = Gn ° i-^ implies 

dsd9,9') = CN{h{g)S{g){h{g')Mg,9')h{9gT') for 9,9' &G. 
We write [S] for the equivalence class of S and call [S] a smooth G -kernel. ■ 
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Remark 1.5. (a) A smooth outer action S: G ^ Aut(A^) need not be a group homomorphism, 
but 6s — Cn o w implies that S induces a group homomorphism s := Qn o 5: G — > Out(A^), 
where Qjv^ Aut(A'') — » Out(iV) denotes the quotient homomorphism. Clearly s depends only on 
the class [S] of S because Qat o Cat = 1. 

(b) If G and A'' are discrete groups, then for each homomorphism s:G ^ Out(A^) there 
exists a map S:G ^ Aut(A^) with S{1) = idN and Qn o S = s and a map ui: G x G ^ N 
with 6s = Cn ° oj. In this case all outer actions are smooth, the smoothness conditions on S 
and oj are vacuous, and S S' is equivalent to Qn o S = Qn o S' , so that a smooth G-kernel 
is nothing but a homomorphism s: G — » Out(A^) . 

(c) If S € Cl{G, AvLt{N)) is a homomorphism of groups, then we may choose oj = 1 and 
S defines a smooth action of G on A". In fact, the action is smooth on a set of the form U x N , 
so that the assertion follows from the fact that all automorphisms S{g) are smooth. 

(d) Suppose that 51,52 e Gj(G, Aut(A')) and that the map 

UxN^N^ {g,n)^ 52(.g)(n)) 

is smooth. Then the map U x N — » N,{g,n) i-^ Si{g)S2{g){n) is smooth because it is a 
composition of smooth maps. Therefore G^(G, Aut(Af)) is closed under pointwise products. 

(e) If 5: G — > Aut(A'') is a smooth outer action, then we obtain in particular 

CN{u;ig,g-')) = 6s{g,g-') = Sig)S{g-'), 

which leads to 

Sig)-' = S{g-')CN{u;{g,g-T')- 
Hence there also exists an identity neighborhood U C G for which the map 

UxN^N, {g,n)^ S{g)-\n) = S{g-'Mg,g-Y'nu{g,g-') 

is smooth. ■ 

Lemma 1.6. Each smooth outer action 5:G — > Aut(A') defines on Z{N) the structure of a 
G-module by g.z := Sz{g){z) := S{g){z). If, in addition, Z{N) is an initial Lie subgroup of N , 

then Z{N) is a sm,ooth G -m,odule. 

Proof. First we observe that inner automorphisms act trivially on the center Z{N) of A", 
which implies that g.z := S{g){z) defines indeed a G-action on Z{N). 

Let [/ C G be an open identity neighborhood such that the map U x N ^ N, (g, n) i-^ 
S{g).n is smooth. If Z{N) is an initial Lie subgroup of A^, restriction and co-restriction define 
a smooth map 

(1.2) i7 X Z(7V) -> Z(iV), ig,z)^g.z^Sz{g)iz). 

As each element of g acts as a Lie group automorphism on Z{N) , the smoothness of the action 
G X Z{N) — » Z{N) follows from the smoothness of the map in (1.2). ■ 

The following lemma sheds some more light on the concept of an initial subgroup of a Lie 
group. In the present paper we shall mostly use it for the center of a Lie group A' which is not 
always a Lie group, but mostly carries an initial Lie subgroup structure. 

Lemma 1.7. Let G be a Lie group and H <G a subgroup. Then the following assertions hold: 

(a) // H is an initial normal subgroup, then the conjugation action of G on H is smooth. 

(b) // H is totally disconnected, then the discrete group (the group H endowed with the 
discrete topology) defines on H via the inclusion map t: Hd ^ H C G the structure of an 
initial Lie subgroup. The same conclusion holds if all smooth arcs in H are constant, i.e., 
if the smooth arc- components in H are trivial. 

(c) // dim G < 00 , then any subgroup H < G carries an initial Lie group structure. 
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(d) Let G be a Lie group with a smooth exponential function and 

iigf := {x G 3(0): (V5 G G) Adig).x = x}. 

We assume that the group Tz '■= exp~"'^(l) 03(0) is discrete and that 3(0)'"' is Mackey 
complete. Then Z{G) carries an initial Lie group structure Z{G)^ with h{Z{G)^) = 3(0)*^. 

Proof. (a) The conjugation map G x H ^ G,{g,h) 1— > ghg~^ is smooth with values in H , 
hence smooth as a map G x H ^ H . 

(b) Since every discrete space carries a natural -dimensional smooth manifold structure, 
the group Hd is a Lie group with L(iJd) = {0}. If M is a smooth manifold and f:M^G a 
smooth map with f{M) C H , then / maps each connected component of M into a connected 
component of , so that / is locally constant because H is totally disconnected. Hence the 
map o /: M — > is locally constant and therefore smooth. 

(c) Let Ha C H he the arc-component of H , viewed as a topological subgroup of G. 
According to Yamabe's Theorem ([Go69]), the arc-component Ha of G is analytic, i.e., there 
exists a Lie subalgebra f) C g such that Ha = (expg. f)) . Let H^ denote the group Ha endowed 
with its intrinsic Lie group topology for which exp: [) H^ is a local diffcomorphism in 0. 
Then H C {g ^ G:Ad{g)i) = f)} implies that H acts by conjugation smoothly on H^ , so that 
H carries a Lie group structure for which H^ is an open subgroup. Let H^ denote this Lie 
group. Now the inclusion map t: H^ — > G is an immersion whose differential in 1 is the inclusion 
f) --^ 0- 

We claim that l: H^ — > G is an initial Lie subgroup. In fact, let f:M^G be a smooth 
map from the smooth manifold M to G with f{M) C H . Wc have to show that / is smooth, 
i.e., that / is smooth in a neighborhood of each point m G M. Replacing / by / • /(m)~^ 
and observing that the group operations in H and G are smooth, we may w.l.o.g. assume that 
/(m) = l. 

Let [7 C () be an open -neighborhood, m C g be a vector space complement to f) and 
and y C m an open -neighborhood for which the map 

X y — > G, (x, y) exp x exp y 

is a diffeomorphism onto an open subset of G . Then 

Ha n (exp U exp V) = |^ exp U exp y 

and each set exp U exp y contained in Ha also is an open subset of H^ . Since the topology of H^ 

is second countable, the set cxp~^{Ha) n m is countable. Every smooth arc 7: / ^ expC/ cxpV 
is of the form j{t) = expa(t) exp/3(t) with smooth arcs a:I^U and /3: / — > V , and for every 
smooth arc contained in Ha the arc is constant. 

Wc conclude that ii W C M is an open connected neighborhood of m with f{W) C 
expU expV , then f{W) C expi7. Then the map 

exp|^^ of\w-W^i) 

is smooth, so that the corresponding map 

t"^ of\w= expfjL o exp o f\w.W ^ H^ 

is also smooth. This proves that the map b~^of: M —> H^ is smooth, and hence that t: H^ — > H 
is an initial Lie subgroup of G. 

(d) First we observe that the exponential function exp^:3(fl)*^ Z{G) is a group homo- 
morphism, and our condition implies that T := kcrexp^ is a discrete subgroup of 3(0)'^ , so that 
Z := 3(0)'~'/r carries a natural Lie group structure, and the smooth function exp2:3(0)*^ G 
factors through an injective immersion of Lie groups t: Z ^ G whose image is the subgroup 
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exp(3(fl)'^) of Z(G). Wc now endow Z{G) with the Lie group structure for which exp3(g)'^ is 
an open subgroup isomorphic to Z (Theorem B.l) and write Z{G)^ for this Lie group. Then 
the inclusion map l: Z{G)^ — > G is an injective immersion of Lie groups. 

To see that this defines an initial Lie group structure on Z{G) , let /: M — »■ G be a smooth 
map with f{M) C Z{G). We may w.l.o.g. assume that M is connected and fix some m e M. 
Then the left logarithmic derivative 

6{f) e n\M,i{Qf) with <5(/)(m) = f{m)-'df{m) 

is a smooth 3(3)'-' -valued 1-form on M. In fact, for each smooth curve 7: / — > Z{G) we have 
7(*)~^7'(^) € 3(5)*^ for each t £ I because for each g & G the relation Cg o 7 = 7 leads to 

7(t)-^7'W = {c, o 7)(t)-^(c, o 7)'(i) = Ad(9).(7(t)-^7'(t)). 
The 1-form 6{f ) satisfies the Maurer-Cartan equation 

d{S{f)) + l[S{f),Sif)] = 

([KM97]), so that the fact that ^{q) is abelian implies that S{f) is closed. Let qm'-M — » M 
be a universal covering map. As 3(0) is Mackey complete, the Poincare Lemma holds for 3(g)- 
valued 1-forms, so that there exists a smooth function fi:M —> 3(g) with dfi ~ qti^if) (cf. 
[Ne02, Prop. III.4]). If m e M is a point with qM{fh) = m, we may assume, in addition, that 
/i (m) = . Then the smooth function 

/2 := exp^ 0/1: M ^ satisfies ^(/a) = dfi = q*MS{f) = 5{f o qm), 

which in turn leads to 

f oqm = f{m) ■ /2 

since the solutions of the Maurer-Cartan equation are uniquely determined by their values in 
m. This implies that the function / o qm: M Z{G)^ is smooth, and hence that the function 
t-i o /: M ^ Z{G)^ is smooth. ■ 

The following example shows that in general Z{G) , considered as a topologic;al group, is not 
a Lie group because it may be a totally disconnected non-discrete subgroup. Since all known Lie 
groups modeled on complete locally convex spaces satisfy the requirements from Lemma 1.7(d), 
for all these Lie groups G the center Z{G) carries an initial Lie group structure. Therefore the 
assumption that Z{G) is an initial Lie subgroup is not restrictive. 

Example 1.8. We consider the Lie group 

7V:=C«xM« with ((z„),(U)*((4),(0):=((^n + e*"4),(t„+4)), 

where the locally convex structure on and M^' is the product topology. We observe that TV is 
an infinite topological product of groups isomorphic to C xi M , endowed with the multiplication 

{z, t) * {z', t') = {z + e*^', t + t'). 

Therefore the center of N is 

Z{N) = {0} X {2TrZf ^ ZN, 

and this group is totally disconnected, but not discrete, hence not a Lie group. Therefore the 
center of a Lie group need not be a Lie group. 

Since Z{N) is totally disconnected. Lemma 1.7 implies that the inclusion map Z{N)d N 
of the discrete group Z{N)d defines on Z{N) the structure of an initial Lie subgroup. ■ 
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Definition 1.9. If 5 is a smooth outer action of G on the Lie group A'', then we define 

(G, Z{N)) := {/ G Cl{G, N): im(/) C Z{N)}, Cl{G, Z{N)) := Cl{G, N) n C^{G, Z{N)) 
and accordingly 

Z^iG, Z{N))s := {/ e C^iG, Z{N)): dsf = 1} 

and Z^^{G,Z{N))s := Zl{G,Z{N))s ^Cl^{G,Z{N)) (cf. Lemma L6). Note that on / e 
C^{G, Z{N)) the group differential dg for the G-module structure can be written, in additive 

notation, as 

{dsf){9o-,...,gp) 

n 

= S{go){f{9i, ...,9n))+ 5^(-l)V(5o, . . -,90-193, • • • ,5n) + (-l)"+V(5o, • • • ,5n-l). 

This impHes that ds{CP{G, Z{N))) C Cp+^{G, Z{N)) , so that we obtain a differential complex 
{C*{G, Z{N)),ds) whose cohomology groups arc denoted by 

HP{G,Z{N))s := Z^{G,Z{N))s/ds{CPAG,Z{N))). 

For a e Cl{G, Z{N)) and 9 £ G we then have 

{dsa)g{x) 

= {dsa){9,x) - {dsa){9xg~'^,g) = 9.a{x) - a{9x) + a{9) - {9X9~^).q.{9) + a{9x) - a{9X9~^) 
= 9.a{x) + a{9) - {9xg~'^).a{9) - a{9xg~'^), 

which is smooth in an identity neighborhood of G. Hence 

B^,{G,Z{N))s :=ds{Cl{G,Z{N))) C Zl{G,Z{N))s, 

and we define 

HliG, Z{N))s := Zl{G, Z{N))s/BI{G, Z{N))s, 

and 

Hl{G,Z{N))s := Zl{G,Z{N))slds{Gl{G,Z{N))). 

We observe that the action of G on Z{N) defined by a smooth outer action S only depends 
on the equivalence class [S] . In this sense we also write 

Zl{G,Z{N)\s]--=ZP{G,Z{N))s, HP{G, Z{N))[s] := H^{G, Z{N))s etc. ■ 

If Z{N) is an initial Lie subgroup of , then it carries the structure of a smooth G-module 
(Lemma 1.6) and the definitions above are consistent with Definition 1.2, but in general we do 
not want to assume that Z{N) is an initial Lie subgroup and it is not necessary for the results 
in Section II below. 

In Definition 1.3 above we have defined Hl{G, N) as the set of orbits oi N = C^{G, N) on 
the set Zl (G, N) . The following lemma describes an action of Gj (G, N) that in some sense is a 
generalization of the iV -action on Zl(G,N) for degree 1 to degree 2. 

Lemma 1. 10. Let G and N he Lie groups and consider the group C]{G,N) with respect to 
pointwise multiplication. This group acts on the set G^ (G, Aut(VV)) by h.S := (Gjv o h) ■ S and 
on the product set 

(1.3) Cl{G,Aut{N)) xCUG,N) by h.{S,uj) := {h.S,h *s co) 

with 

{h*si^){9,g') := h{g)S{g){h{g'))uj{g,g')h{9g')-\ 
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The stabilizer of {S, oj) is given by 

Cl{G,N\s,u.) = ZliG,Z{N))s 

which depends only on [S] , but not on u . Moreover, the following assertions hold: 

(1) The subset {{S,u)):6s = Cn ow} is invariant. 

(2) The subset {{S,u}) e Cl{G,Aut{N)) x C'^^{G, N): 5s = Cjv o w} is also invariant. 

(3) // 6s = Cjv OLO, then im{dsco) C Z{N) holds for 

{dsu,){g, g', g") := S{g) {u,{g', g"))iv{g, g'g"Mgg', g'TMg, gT'- 

(4) If Ss = Cjv oto and h.{S,u>) = {S',uj') , then ds'co' = dsto. 

(5) If Ss = Cnouj, then dsuj e Zl{G, Z{N))s ■ 

(6) For a smooth outer action S the cohomology class [dgco] S H^{G, Z{N))s depends only on 
the equivalence class [S] . Similarly, for a strongly smooth outer action and oj € G^g (G, N) 
with 6s = Gn o uj , the cohomology class [rfsw] e Hfg{G, Z{N))s depends only on the 

equivalence class [S] . 

Proof. That (1.3) defines a group action follows from the trivial relation (hh').S = h.{h'.S), 
and 

{h *h,,s {h' *s a;)) (5, 5') = h{g){h' .S){g){h{g')){h' *s ^)(.9, g'MggT' 

= h{g)h'{g)S{g){h{g'))h'{g)-'h\g)S{g){h'{g')M^ 

= {hh'){g)S{g)ihh'ig'))u;{g,g'){hh'){gg'r' = {{hh') *su;){g,g'). 

To calculate the stabilizer of the pair {S,u!), we observe that the condition h.S = S is 
equivalent to h G Gl{G, Z{N)) . Then h*s ^ = ' dsh, and this equals w if and only if /i is a 
cocycle. Therefore Gl{G, N)(^s,u.) = Zl{G,Z{N))s. 

(1) If the pair (S, lo) satisfies 6s = Gn o lo , then we obtain for h € G^ (G, N) with Formula 
(1.1) (after Definition I.l), the relation 

Sh.s{g,g') = Sic.ohys{g,g') = GNihig))csig)iGN{h{g')))6s{g,g')GN{h{ggT') 
= GN{h{g))GN{S{gmg')))GN{Loig,g'))GN{h{ggT') 
= GN{h{g)S{gmg'))^{g,g')h{gg')-') = (Cjv o {h *s ^)){g,g'). 

(2) Suppose that u G Glg{G, N) satisfies 6s = Gn o w. We have to show that /i *5 a; G 

Glg{G, N) . In fact, for g,x E G wc have 

{h *s t^)g{x) = {h*suj){g,x){h*s^^){g:i:9^\gy^ 

= h{g)S{g){h{x))uj{g,x)h{gx)-\h{gxg-^)S(gxa-^)(h(a))u{gxg^ 
= h{g)S{g){h{x))Lu{g,x)Lu{gxg-\g)-\S{gxg-'){h{g)~')hi^^^^ 
= h{g)S{g){h{x))u:g{x)S{gxg-'){h{gr')h{gxg-')-\ 

This expression is a product of factors which are smooth functions of x in an identity neighbor- 
hood of G. Therefore *s w e G2^(G, N) . 

(3) This follows from 

GN{{dsi^){9,9' ,g")) 
= Gn {s{g){uo{g', g")Mg, g'g"Mgg', g'TMg, gT') 

= S(g){GNOu:){g',g'')S{g)-\GNOu:){g,g'g'%GNOu){gg',g''r\GNOu:){g,g')-^ 

= S{g)6s{g'. g")S{g)-'5s{g, g'g")Ss{gg', g'T'^sig, gT' 

= 5(5)(5(5')^(5")^(5V')~')5(5)-'5(5)^(5V')5(55V')"'^(55y') 
S{g")-'S{gg')-'S{gg')S{g')-'S{g)-' = 1. 
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(4) In the following calculation wc frequently use that rfso; and ds'Uj' have values in Z{N) 
to see that they commute with all elements of N . We use under- braces to indicate which parts 
of the formula cancel each other. 

We calculate 



= S'{g){J{g\ g")W{g, g'g"W{gg', g'T'^'ig, gT' 

= {CN{h{g))oS{g){i^\g',g'')))J{g,g'g''y{gg',g'r'^\9.g')-^ 
= h{g) S{g)[h{g')S{g'){h{g")Mg',g") h{g'g")] h{g)-' 



h{g) S{gmg'g")M g, g'g") h{gg' g")-\ h{ggy)uj{gg' , g'T' S{gg'mg"))-' hi^ 

2 5 3 3 4 

4 1 

S{gmg')) S{g) o S{g'){h{g''))[S{g){u,{g',g'')Mg,g'g'')w{gg\g'r'] 

V ' 

1 

S{gg'){h{g"))-'w{g, g'y' S{g){h{g'))-' 



= Hg, g')S{gg'mg"))u:{g, g')-'] [{dsu:){g, g' , g")u:{g, <?')] S{gg'mg")-'Mg, gT' 
= {dsu;){g,g',g") 

because the vahies of dsuj arc central. 

(5) It is easily seen that dsuj vanishes if one of its three arguments is 1 , so that, in view 
of (3), we have dsoj e Cg{G, Z{N)). It remains to show that it is a cocycle. 

In the following calculation we write the group structure on Z{N) multiplicatively. We 
shall use several times that the values of dsto are central, so that they commute with all values 
of w. We simply write g.z := S{g){z) for the action of G on Z{N) induced by the smooth outer 
action S . We have to show that for g,g' ^g" ,g"' € G the following expression vanishes: 

dG{dsuj){g,g',g",g"') 

= g.{dsoj){g', g", g"'){dsoj)(gg' , g\ g"')-\dsu:){g, g'g", g"'){dsoj){g, g\ g" g"')-\dsuj){g, g' , g") 
= g.idsLuW, g", g"'){dsoj){gg' , g" , g"r\dsu:){g, g'g", g"'Kdsco){g, g', g"){dsco){g, g', g"g"')-' 
= Sig) [Sig'){u;{g", 9"')Mg' , g" g"')u{g' g" , g"')-'u;{g', g")-'] 

w{gg',g"Mgg'g",g"'Mgg',g"g"')-^S{gg'){.:{g",g"')-^) 

S{g) icjig'g",g"')Mg, g' g" g"'Mgg' g" , g"')-'u;{g, g'g")-' 

S{9){u;{g', g")Mg, g'g"Mgg', g'TMg, g'T' 
w{g, g')^{gg', g"g"'Mg, g'g"g"')-'S{g){^{g' , g"g"')-') 
= [v{g, g')S{gg'){w{g" , g"')Mg, g')-'] S{g)[^{g' , g" g"')w{g' g" , g'")-'u^{g' , g")-'\ 
{^{gg', g"Mgg'g", g"'Mgg' , g" g'")-' S{gg'){u^{g" , g'")-')] 
[S{g){u:{g'g", g"')Mg, g' g" g"'Mgg' g" , g"')-'u:{g, g'g")-'] 

S{g){u:{g', g"))u:{g, g' g")u:{gg' , g")-'iuigg', g"g"')^{g, g' g" g'")-' S{g){uj{g' , g"g"')-') 
= u;{g, g') [0^(35', g'^igg' g" , g">{gg', g"g"')-'S{gg'){u:{g" , g'")-')] 
S{gg'){uj{g" , g"'))u^{g, g')-' S{g)Hg' , g" g"')uj{g' g" , g"')-'uj{g' , g")~'\ 
S{.g){^{g'. g"))u;{g, g'g")u;{gg', g")-'iv{gg', g"g"')u{g, g'g"g"')~' 
S{g){i^{g', 9"g"')-') [S{g){u^{g'g", g"')Mg, g'g"g">{gg'g", g"')-'^{g, g'g'T'] 
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= u{g, g'Mgg', g"Mgg'g", g'"Mgg', g"g"T'^ig, gT'Sig)Hg\ g" g"')uj{g' g" , g'")-^] 
^{g, g'g"Mgg\ g'TMag' , 9"g">{g, g'g"g"T'S{g)iu;ig', g"g"T') 
[S{g){co{g'g'\ g'")Mg, g'g"g"'Mgg'g'\ g"r'u;{g, g'g'T'] 

= ^^(9,9 )^(99 ,9 )^(99 9 ,9 )^\99 ,9 9 ) ^{9,9) ^[9)['^{9,9g )i^{99,9 ) I 
['5'(.g)(t^(,g',g", 9"'))^{9, 9 9 9")'^{99 9" . 9"')~^^{9, 9 9")'^] 
^(5, 9'9"M99', 9")-M99\9"9">{9, 9'9"9"r'S{g) {ivig', 9" g'")-') 

= u{g, g'Mgg', g"Mgg'g", g"'Mgg', g"g"')-M9. g'T' 

{S{g){^{g', g"9"')Mg, g'g"g"') [^{gg'g", 9"')-'^{99', g'TMgg' , 9" 9"')] 
^{g,g'g"g"')-'S{g){^{g',g"g"')-')] 

= ^{g, g')^{gg', g"Mgg'g", g"')uj{gg\ g"g"')-'^{g, gT' 

Cs(g)Mg',g''g''')]L.{g^g'g''g''')[(^igg'g'\g''')~'^<^{gg'^ 

= Loig, g'Mgg', g"Mgg'g", g"')u{gg' , g" g"')-'u:{g, g'y' 

Cu,(g,g')u,(gg',g"g"') [^(g^'s", 9"'Y^^{gg', g")~^^{gg'i g"g"')\ 
= ^{g, 9')^{gg\ g'Mgg g" , g'Mgg . g"g"')~^'^{g, g')~^^{g, g')^(.gg', g"g") 

[u){gg'g", g"'y^co{gg', g")~^ui{gg', g" g"')]u){gg' , g"g"')~'^Lo{g, g')~'^ 
= 1. 

(6) We prove the assertion for strongly smooth outer actions. The other case is proved 
similarly by using elements w G (G, N) instead. 

We fix some w £ C^^ (G, N) with 63 = Cnou. If w' € G^^ (G, N) also satisfies 63 = Cnolo' , 
then /3 := w'-W^ e C^siG, Z{N)) and thus dsu^' = dsu+d3(3 = dsu+d3l3, hence [dsw'] = [dsw] 
and the cohomology class [dgw] does not depend on the choice of ui . 

If S' ^ S , then there exists an /i e G^ (G, N) with S' = {Cn ° h) ■ S , and we have seen in 
(2) that uj' := h*s(^ e C^^(G,N) satisfies 631 = Cnooj'. Now 'Uj' — d3ijj implies in particular 
that [c?5/cj'] = [dsLo] and that this cohomology class neither depends on the representative S' of 
[S] nor on the choice of a; . ■ 

Definition 1. 11. Lot S G Gg (G, Aut(iV)) be a strongly smooth outer action and pick 
u) e Cgg{G, N) with Ss = Cn o w. In view of Lemma 1.10(6), the cohomology class 

Xss{S) := [dsiv]GHi{G,Z{N))s 

does not depend on the choice of w and is constant on the equivalence class of S , so that we 

may also write Xss([S']) XssiS) ■ We call Xss{S) the characteristic class of S. 
For a smooth outer action we likewise obtain a characteristic class 

Xs{S) = Xs{[S]) = [d3Co] G H^iG, Z{N))s. ■ 



II. Extensions of Lie groups 

In this section we discuss the basic concepts related to extensions of Lie groups. Since every 
discrete group can be viewed as a Lie group, our discussion includes in particular the algebraic 
context of group extensions ([MacL63], [EML47]). 

Definition II. 1. Let G be a Lie group. A subgroup of G is called a split Lie subgroup 
if it carries a Lie group structure for which the inclusion map in'- H ^ G is a morphism of Lie 
groups and the right action of H on G defined by restricting the multiplication map of G to a 
map G X H G defines a smooth if -principal bundle. This means that the coset space G/H 
is a smooth manifold and that the quotient map n:G^G/H has smooth local sections. ■ 
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Examples II. 2. Since the Lie algebra () of a Lie subgroup H of a Lie group G need not have 
a closed complement in q, not every Lie subgroup is split. A simple example is the subgroup 
H := Co(N,R) in G := £°°(N,R) (cf. [Wei95, Satz IV.6.5]). ■ 

Lemma II. 3. Each split Lie subgroup of G is initial. 

Proof. The condition that iJ is a split Lie subgroup implies that there exists an open subset 
U of some locally convex space V and a smooth map a:U ^ G such that the map 

UxH^G, {x,h)^(j{x)h 

is a diffeomorphism onto an open subset of G. We conclude that for every manifold M a map 
/: M — > if is smooth whenever it is smooth as a map to G, resp., the open subset a{U)H of G M 

Definition II. 4. An extension of Lie groups is a short exact sequence 

1 ^ N-^G-^G 1 

of Lie group morphisms, for which N = kerg is a split Lie subgroup. This means that G is a 
smooth A'' -principal bundle over G and G = G/N . In the following we shall identify N with 
the subgroup t{N) < G. 

We call two extensions N ^ Gi G and N ^ G2 ^ G oi the Lie group G by the Lie 
group N equivalent if there exists a Lie group morphism (p:Gi G2 such that the following 
diagram commutes: 

A^ Gi ^ G 

idw |idG 

A G2 ^ G. 

It is easy to see that any such (p is in particular an isomorphism of Lie groups. We write 
Ext(G, N) for the set of equivalence classes of Lie group extensions of G by A. 

We call an extension q:G ^ G with kerg — N split if there exists a Lie group morphism 
a:G^G with qoa = idc ■ In this case the map A X5G — > G, (n, g) 1— » na{g) is an isomorphism, 
where the semidirect product is defined by the homomorphism 

S :=Gn oa:G Aut(A), 

where C^: G Ant (A) is the conjugation action of G on A. In view of Lemma 1.7, S defines 
a smooth action of G on A . ■ 

Remark II. 5. We give a description of Lie group extensions A ^ G ^ G in terms of data 
associated to G and A . Let G ^ G be a Lie group extension of G by A . By assumption, the 
map q has a smooth local section. Hence there exists a locally smooth global section aiG^G 
which is normalized in the sense that a{l) = 1 , i.e., a G Cl{G, G) . Then the map 

$:AxG^G, {n,g)^na{g) 

is a bijection which restricts to a local diffeomorphism on an identity neighborhood. In general 
$ is not continuous, but we may nevertheless use it to identify G with the product set A x G 
endowed with the multiplication 

(2-1) {n,g){n',g') = {nS{g){n )u!{g, g'), gg'), 

where 

(2.2) S :=Gn o(t:G ^ Aut(A) for Cn: G Aut(A), Gjv(5) = gng''^, 
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and 

(2.3) uj:GxG^N, {g,g') ^ a{g)a{g')u{gg')-\ 

Note that w is smooth in an identity neighborhood and the map G x N ^ N, {g,n) i-^ S{g).n 
is smooth in a set of the form U x N , where U is an identity neighborhood of G . The maps S 
and CO satisfy the relations 

(2.4) a{g)a{g')=u;{g,g')a{gg'), 

(2.5) S{g)S{g') = CN{oj{g,g'))S{gg'), i.e., Ss = Cnow, 
and 

(2.6) u{g, g'Mgg', g") = S{g) {u{g', g"))iv{g, g'g"). 

■ 

Definition II. 6. The elements of the set 

Zl(G,N) := {{S,uj) e Ci(G, Aut(Af)) x Cl{G,N):5s = CNOoj,dsu; = 1} 

are called smooth factor systems for the pair {G, N) or locally smooth 2-cocycles. ■ 

Lemma II.7. Let S G C^{G,Aut{N)) and to e C'^{G,N) with Ss = Cn olo. We define a 
product on N X G by 

in,g){n',g') = {nS{g){n')u{g,g'),gg'). 
Then N x G is a group if and only if dsw = 1 . Inversion in this group is given by 

{n,g)-' = {S{g)-^{n-'u,{g,g-')-'),g-') = {w{g-\g)-'S{g-'){n-'),g-') 

and in particular 

{l,g)-' = {S{g)-\{w{g,g-Y'),9-') = {u^{g-\g)-\g-'). 
Conjugation is given by 

in,g)in\g'){n,g)-' = {nSig){n')u;g{g')S{gg'g-Y\n-'),gg'g-'), 

so that {n,l){n',g'){n,l)-'^ = {nn' S{g'){n-^),g') and 

(2.7) {l,g){n\g'){l,g)-' = {S{g){n')i^,{g'), gg' g-') . 

Proof. The associativity of the multiplication on A'' x G is equivalent to the equality of 

{{n,g){n',g')){n",g") = {nS{g){n')w{g,g'),gg'){n",g") 

= {nS{g){n')w{g, g')S{gg'){n")w{gg' , g"),gg'g") 



and 



(n, g){{n', g'){n'',9")) = {n. g){n' S{g'){n")u:{g' , g"),g'g") 

= (nS'(5) {n'S{g'){n"Mg', g"))Lo{g, g'g"), gg'g") 

= (n5(5)(n')(5(5)5(5')(r^"))5(5)('^(5',p")V(5,pV'),55y') 



16 Non-abelian extensions of infinite-dimensional Lie groups April 14, 2005 

for all g,g',g" € G and n,n',n" e A''. This means that 

u,{g, g')S{gg'){n"Mgg', g") = {S{g)S{g'){n"))S{g){u,{g' ,g")Mg, g'g"). 

For n" = 1 this leads to dsu! = 1 . If, conversely, dgco = 1 , then the associativity condition is 
equivalent to 

^{g, g')S{gg'){n"Mgg\ g") = {S(g)S{g'){n"))i^{g, g')iv{gg' , g") 

and hence to 6s = Cn ° • Therefore the conditions 6s = Cn o <jJ and dsoJ = 1 are equivalent 
to the associativity of the multiplication on N x G. 

To see that we actually obtain a group, we first observe that 5(1) = idjv implies that 
1 := (1, 1) is an identity element of G := N x G , so that {G, 1) is a monoid. For {n,g) e G the 
element 

{S{gr'{n-'co{g,g-Y'),9-') 

is a right inverse and likewise 

{u;{g-\g)-'S{g-'){n-'),g-') 

is a left inverse. Now the associativity of G implies that left and right inverse are equal, hence 
an inverse of {n,g). Therefore G is a group. 

The formula for the inversion has already been obtained above. For the conjugation we 
first oberve that for g,g' G G we have 

1 = {dsoj){gg',g-\g) = S{gg'){co{g-\ g)Mgg' ,lMgg' g-\ g)-'Lo{gg\ g-^' 
= S{gg'){co{g-\g)Mgg'g-\g)-'u;{gg', g-^)-\ 

so that 

S{gg'){oj{g-\g)rMgg', 5"') = u:{gg' g-\g)-\ 

We now obtain 

{n,g){n' ,g'){n,g)-'^ 
= (nS{g){n'Mg, g'), gg') [co{g-\ g)-' S{g-'){n-'), g-') 

= (nS{g){n'Mg, g')S{gg') {u;{g-\g)-' S{g-'){n''))u;{gg\ g'^), gg'g-') 

= (nS{g){n'Mg, g')oj{gg' g-\g)-^w{gg' , g-^)-\S{gg')S{g-^){n-^))^{gg' , g-^),gg' g-"^) 

= (nS{g){n')u,g{g')6s{gg', 5"')-' {S{gg')S{g-'){n-')) , gg'g-') 

= (nS{g){n')ug{g')S{gg'g-Y\n-%gg'g-'). 

m 

For a smooth factor system {S,co) we write A'' X{s,w) G for the set A'' x G endowed with 
the group multiplication (2.1). 

Proposition II. 8. // {S,lo) is a smooth factor system, then N X(s,w) G carries a unique 
structure of a Lie group for which the map 

N X G N x^s,u,)G, {n,g)^{n,g) 

is smooth on a set of the form N x U , where U is an open identity neighborhood in G . Then 

q-]^ X{s,u>)G ^ G, {n,g)^g 
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is a Lie group extension of G by N . Each Lie group extension q:G^G of G b]^ N gives rise 
to smooth factor systems by choosing a locally smooth normalized section a:G ^ G and defining 
{S,uj) := (Cjv OCT, Then the extension q:G ^ G is equivalent to N y-(s,u:) G. 

Proof. (1) Let Uq C G be an open symmetric 1 -neighborhood such that the maps 

Ug^N^N, {g,n)^ S{g).n and oj\ug^Ug 

are smooth. We consider the subset 

U:=NxUg = q-\UG) C G := N X(s,„) G. 

Then U = because q is a group homomorphism. We endow U with the product manifold 
structure from N x Ug- Since the multiplication mc \ugxUg - Ug x Ug — > G is continuous, there 
exists an open symmetric identity neighborhood Vg C Ug with VgVg C Ug- Then the set 
V := N xVg is an open subset of U such that the multiplication map 

VxV^U, ((n, g), (n', g')) ^ {nS{g)(n')oj{g, g'),gg') 
is smooth. The inversion 

U^U, {n,g) ^ {iv{g-\g)-'S{g-'){n-'),g-') 
(cf. Lemma II. 7) is also smooth. 

For {n,g) G G let Vg C Uq be an open identity neighborhood with Cg{Vg) C Uq- Then 
C(ri,(;) (9^^ (K,)) C U. That the conjugation map C(^n.g)'-q^^{Vg) ^ U is smooth in an identity 
neighborhood follows immediately from formula (2.7) in Lemma II. 7 because u) € Cgg{G,N) 
ensures that the function uig is smooth in an identity neighborhood of G . 

Eventually Theorem B.l implies that G carries a unique Lie group structure for which 
the inclusion map U = N x Ug ^ G is a local diffeomorphism onto an identity neighborhood. 
It is clear that with respect to the Lie group structure on G , the map q: G ^ G is a smooth 
A/' -principal bundle because the map Vg G,g ^ (0, g) defines a section of q which is smooth 
on an identity neighborhood in G that might be smaller than Vg ■ 

(2) Assume, conversely, that q:G-^G is a Lie group extension of G by iV . Then there 
exists an open 1 -neighborhood Ug C G and a smooth section a: Ug — > G of the map q:G ^ G. 
Wc extend ct to a global section G ^ G and put (5, uj) := {Cm ° cr, 5^) . We have already seen 
in Definition I.l that w = 5^ € Ggg{G,N). Therefore (S', w) is a smooth factor system, so that 
we can use (1) to obtain a Lie group structure on N X(^s,u}) G for which there exists an identity 
neighborhood Vg C G for which the product map 

N xVg^N X (s,„) G, (n, v) ^ {n,l){0,v) = (n, v) 

is smooth. This implies that the group isomorphism N X(s,u:) G — > G is a local diffeomorphism, 
hence an isomorphism of Lie groups. ■ 

If the group G is connected, then we can weaken the condition on smooth factor systems 
by replacing oj e Gf^ (G, A'') by the weaker condition u £ C^ (G, N) : 

Lemma II.9. // G is connected and S G G^(G, Aut (A'')) and u e C'^{G,N) satisfy 

= Cn o and dsto = 1, 
then (J e Gfg(G, N) and in particular {S,(j) e Z'^^{G, N) . 

Proof. That the map Wg-.G N is smooth in an identity neighborhood means that 
conjugation with {l,g) is smooth in an identity neighborhood because 

{l,g){n',g'){l,g)-' = {s{g){n')ugig'), gg'g-') 

by formula (2.7). 

The set of all elements x £ N X(5 ,^) G for which the conjugation c^ is smooth in an 
identity neighborhood is a subsemigroup containing A'' (cf. Lemma II. 7) and {1} x W for some 
identity neighborhood W in G. If G is connected, it is generated by W as a semigroup, so 
that N X(^s,oj) G is generated by N x W . Therefore the local smoothness requirement for the 
functions Wg is redundant. ■ 
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In the following proposition wo show that equivalence classes of extensions correspond to 
orbits of the group (G, N) in the set of smooth factor systems. 

Proposition 11.10. For two smooth factor systems {S,ui),{S',u)') G Z'^g{G,N) the following 

are equivalent 

(1) N >^{s,ui) G and N X(^s',ui') G are equivalent extensions of G by N . 

(2) There exists an h G Cl{G,N) with h.{S,(j) = {S',uj'). 

If these conditions are satisfied, then the map 

¥':-/V X(S'X) G^N X(s,„) G, {n,g) {nh{g),g) 

is an equivalence of extensions and all equivalences of extensions N X(g/ ^^/) G ^ N X(s,uj) G are 
of this form. 

Proof. Let tp: X(S',i^') G ^ N X{s,u) G be an equivalence of extensions. Then there exists 

a function h E Cl{G,N) such that (p has the form Lp(n,g) = {nh{g),g) with respect to the 
product coordinates on N ><-(s,oj) G, resp., N X(^s',oj') G. We then have 

^{n,gMn',g') = {nh{g),g){n'h{g'),g') = {nh{g)S{g){n'h{g'))u(g,g'),gg') 

= (n[C^(/.(.g))(^(.g)(n'))]/i(5)5(,g)(/7,(.g'))c.(5,fl'),550 
= {n{h.S){g){n'){h ks u;){g, g')h{gg'), gg') 

= ^{n{h.S){g){n'){h*sco){g,g'),gg'). 

Since cp is an equivalence of extensions, it is an injective morphism of groups, which implies that 
the product in X(S',a;') G is given by 

{nS'{g){n')uj'{g,g'),gg') = {n,g){n',g') = {n{h.S){g){n'){h*s uj){g,g'),gg'). 

This implies that cu' = h*s oj and further that S' = h.S , so that "(1) (2)" is proved. 
If, conversely, {S' , ui') = h.{S, ui) = {h.S, h*s^)-, then we define 

f.N X (s',uj') G^N X G, (^(n, g) {nh{g), g), 

and the calculation above shows that ip is a homomorphisms of groups. Since 99 is smooth in an 
identity neighborhood, it is a morphisms of Lie groups. Clearly Lp\]^ — id at and ip induces the 
identity map on G , so that it is an equivalence of extensions. This completes the proof. ■ 

Corollary 11.11. The map 

Zl (G, N) ^ Ext(G, N), {S, co)^[Nx (5,,) G] 

induces a bijection 

Hl{G, N) := Zl{G, N)/Cl{G, N) ^ Ext(G, AT). . 

The preceding proposition implies in particular that N X(5 ^^) G ^ N X(5/ ^^/j G implies 
[S\ = [S'] , i.e., equivalent extensions correspond to the same smooth G -kernel. In the following 
we write Ext(G, A'')[g] for the set of equivalence classes of A'' -extensions of G corresponding to 
the G-kernel [5] . 

Theorem 11.12. Let S be a smooth outer action of G on N with Ext(Af, G)[5] 7^ 0. Then 
each extension class in Ext(G, A'')[5] can be represented by a Lie group of the form N X(^s,i^) G. 
Any other Lie group extension N X(^s,u}') G representing an element of Ext(G, A/')[5] satisfies 



w'-w-'GZliG,Z{N)\s], 
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and the Lie groups N x (^s,u>) G and N x (s,u>') G define equivalent extensions if and only if 

J -oj-^ &Bl{G,Z{N)\sv 

Proof. From Proposition II. 8 we know that each Lie group extension G of G by A'' is 
equivalent to one of the form N X(^s',ui') G. If [S] = [S'] and h G Cl{G,N) satisfies h.S = 5", 
then h~^.{S',u)') = {S,h^^*s'<^'), so that ui" := h~'^*s'i^' satisfies NX(^s',i^')G = N X(^s,u")G. 
This means that each extension class in Ext(G, N)[s] can be represented by a group of the form 

N X(s,„„) G. 

If {S,uj) and {S',u)') are smooth factor systems, then Cn o cu = 5$ = Cn o w' implies 

13 := uj'-Lu-^ e G2(G, Z{N)) . Further im(/3) C Z{N) leads to f3g = u'gUj-^ for each 5 G G, which 
shows that f3g is smooth in an identity neighborhood, so that /3 G €^^{0, Z{N)) . Moreover, 
dsoj' = dsoj = 1 , so that 

1 = dsu)' = dsuJ ■ dsP = ds0 

implies (3 e Zl{G, Z{N))s. This means that lu' e lu ■ Zl^{G, Z{N))s. 

In view of Proposition 11.10, the equivalence of the extensions N x (5 ^^/■j G and N x (5^^^) G 
is equivalent to the existence of an /i G (G, N) with 

S = h.S = {Cn o h) ■ S and lu' = h*s ^■ 

Then Gjv oft, = idAr impHes h G G^(G, Z{N)) which further leads to u' = h*s^ = {dsh)-oj, i.e., 
w'w-i G B^{G,Z{N))s. If, conversely, w'cj-^ = rfs/i for some h G Gi(G,Z(7V)), then /i.S = S 
and h*s ^ = ^' ■ ■ 

Corollary 11.13. For a smooth G-kernel [S] with Ext(G, iV)[5] 7^ 0, i/ie map 

i?2^(G, Z(7V))[s] X Ext(G, iV)[s] ^ Ext(G, iV)[s], (/?, [iV X(s,^) G]) ^ [iV X(s,^.^) G] 

is a well-defined simply transitive action. ■ 

Remark 11.14. (Abelian extensions) Suppose that A'' = A is an abelian Lie group. Then the 
adjoint representation of A is trivial and a smooth factor system (5, iv) for (G, A) consists of a 
smooth module structure S:G ^ Aut{A) and an element u G Ggg{G, A) . In this case ds is the 
Lie group differential corresponding to the module structure on A (Definition 1.2). Therefore 
{S,u}) defines a Lie group A'' X(5^) G if and only if dsco = 1, i.e., w G Zgg{G,A). In this case 
we write A G for this Lie group, which is Ax G, endowed with the multiplication 

(a, g){a', g') = (a + g.a' + ui{g, g'),gg'). 

Further S' ^ S" if and only if S' = S" . Hence a smooth G-kcrncl [S] is the same as a smooth 
G-module structure S on A and Ext(G, A)^ := Ext(G, A)[5] is the class of all A-extensions of 
G for which the associated G-module structure on A is 5. 

According to Corollary 11.13, the equivalence classes of extensions correspond to cohomol- 
ogy classes of cocycles, so that the map 

Hl{G, A)s ^ Ext(G, A)s, H ^ [A x, G] 

is a well-defined bijection. This was also shown directly in [Ne04a] in the context of abelian 
extensions. ■ 

Remark 11.15. The result of Corollary 11.13 can also be visualized on the level of extensions 
as follows. For that we assume that Z{N) is an initial Lie subgroup of A'^, so that it carries its 
own Lie group structure and the smooth outer action S induces on Z{N) the structure Sz of a 
smooth G-module (Lemma 1.6). In view of Remark 11.14, we then have 

Hl{G,Z{N))s ^ Ext{G,Z{N))s,. 
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Let ZiN) Gi^G be an extension of G by the smooth G-modulc Z{N) and N Ga-^G 
an extension of G by iV corresponding to the G -kernel [S] . Then we consider the group 

H := qlG2 ^ {{91,92) G Gi x G2:qi{9i) = ?2(52)} 

which is a Lie group extension of G by Z{N) x N, and the subgroup Az := {{z, z~^): z G Z{N)} 
is a central split Lie subgroup of H . Therefore the Baer product G := H/ Az is a Lie group 
extension of G by iV ^ {Z{N) x N)/Az . 

If Gi ^ Z{N) X / G and G2 = iV x^s,uj) G, then 

H^{ZiN)xN)x^^s,,suM)G 

and G = N X(^gj.^-^ G. This implies that the action of the abelian group H'^g{G,Z{N))s on 
Ext(G, A'')[5] corresponds to the Baer multiplication of extensions of G by Z{N) with N- 
extensions of G. ■ 

Remark 11.16. The preceding results show that the fibers of the map [(S', w)] [S] that 
assigns to an extension of G by A^, represented by a smooth factor system {S,uj), the class [S] 
of the corresponding smooth outer action, are given by Q~^{[S\) = Ext(G, N)^s] > and the group 
Hgg{G, Z(N))s acts simply transitively on the fibers. Clearly the action of G on Z(N) depends 
on [S] and so does the cohomology group H'^g{G, Z{N))s ■ 

In the example described below, we shall see that for an abelian smooth G-module A = 
N = Z{N) the group H^g{G,A)s very much depends on the action S' of G on 7I. For G = 
and A = R we have Hf{G,A) ^ H^{Q,a) (cf. [Ne04a, Th. 7.2]). On the other hand C^{Q,a) 
is the space of alternating bilinear maps g x g — > a, hence 1 -dimensional. Further dimg = 2 
implies that each 2-cochain is a cocycle. Since B^{g, a) = d^a vanishes if the module is trivial 
and coincides with o) otherwise, we have 



Hl{G,A) ^ H^{G,A) ^ H!{g,a) 



R for g.a = {0} 
{0} for g.a ^{0}. 



The following theorem provides a Lie theoretic criterion for the non-emptiness of the set 

Ext(G,^)[5]. 

Theorem 11.17. If S is a strongly smooth outer action of G on N , then 

Xss{S) = l ^ Ext(G,Ar)[s] ^0. 
// G is connected and S is a smooth outer action, then 

Xs{S) = l ^ Ext(G,7V)[s] y^0. 

Proof. If there exists a Lie group extension G corresponding to [S] , then we may w.l.o.g. 

assume that it is of the form N >^(s.lu) G for a smooth factor system {S^uj) (Theorem 11.12). 
This implies in particular that S is strongly smooth, and dsi^o = 1 (Lemma II. 7) leads to 
Xss{S) = [dsu:] = \. 

Suppose, conversely, that S is strongly smooth with Xss{S) = 1. Then there exists 
uj e Cl^{G,N) with 5s = Gjv o w and some h € Cl^{G,Z{N)) with ds^o = dsh~^ , so that 
w' := LO ■ h G Cgg{G,N) satisfies dsco' = dgijo ■ dsh = 1 and 6s = Cn ° oj' . Hence {S,u)') 
is a smooth factor system, and Proposition II. 8 implies the existence of a Lie group extension 
X {s,uj) G of G by iV corresponding to [S] . 

If G is connected and S is a smooth outer action with Xs {S) = 1 , then a similar argument 
provides some lu' € C'^{G,N) with 63 = Gjv o w' and dgw' = 1- In view of Lemma II. 9, 
co' e Cgg{G, N) , and we thus obtain a Lie group extension N X{s,u}') G of G by iV. ■ 
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Split extensions 

Wc conclude this section with a characterization of the split extensions, i.e., those extensions 
q:G G for which there exists a smooth homomorphism a:G G with q o a = idc , which 
implies that G = N Xs G with respect to the smooth action of G on A'' given by S :=Gn °cr- 

Proposition 11.18. The extension G = N X(s,ui) G is split if and only if there exists an 
heCl{G,N) with 

(2.8) /i*5a; = l. 

//, in addition, to € Cgg{G,Z{N)), then S is a representation, and (2.8) is equivalent to 

dgh = u)~^. 

Let 

Zl{G,N,Z{N))s := {/ e Cl{G,N)-Am{dsf) C Z{N)} 

and observe that 

Zl{G,N,Z{N))s/Cl{G,Z{N)) ^ Z\G,Kut{N))s, [/] ^ o / 

is infective onto the set of all 1 -cocycles G — » Cjv(iV) C Aut(A^) that can be lifted to elements of 
Cl{G,N), where the action of Cj{G, Z{N)) on Cl{G,N) is given by pointwise multiplication. 
Moreover, 

[u;].[N X(^s,i)G] splits <J=4> [w"^] G im((5), 

where 

5: ZliG, N, Z{N))/Gl{G, Z{N)) H^G, Z{N)) [/] ^ [dsf]. 

Proof. Since the orbit of the factor system (S, w) under the group Cl {G, N) consists of all 

other factor systems describing the same extension, i.e., corresponding to different choices of 
sections G — > G (Proposition 11.10), the extension G sphts if and only if this orbit contains a 
factor system {S',u}') = h.{S,u}) for which the corresponding section a':G^G,g>-^ {h{g),g) is 
a group homomorphism, i.e., S^' =1. Hence the first assertion follows from S^' = h*s'^ ■ 

If, in addition, w has values in Z{N) , then 5s = Gm o w = 1 shows that 5 is a 
representation. Moreover, h*s = dsh ■ ui vanishes if and only if dgh = u}~^ . ■ 

Remark 11.19. In general the image of the map (5 is a quite complicated subset of the 
cohomology group H^g{G, Z{N))s ■ To understand this subtle point, we note that dsh = 
does not seem to imply dsh~^ = w. It is true that for Sh = {Cn o h) ■ S we have 

dshh~^ = *Sh 1 = *Sh {h *s w) = w 
because {S,U!) = h^^ .{h.{S,u)) = h~^ .{Sh,!) ■ The condition dsh~^ = ds^h^^ is equivalent to 

S{g){h{g')) = h{g)S{g){h{g'))h{g)-^ 

for g,g' G G, which means that the two functions h and S.h commute pointwise. 

For the special case 5* = 1 we have dsh = 5h and im(Sfi) C Z{N) means that the map 
Gat o h:G ^ Aut(A^) is a homomorphism. Fix some g > 1 and let us consider the special case, 
where A'' = SL2(IR) is the universal covering group of SL2(K) and G is the discrete group with 
2g generators ai, . . . , a2g subject to the commutator relation 

[ai,a2] • • • [a2g-i,a2g] = a.\a.2a:{^ Ci^^ ■ ■ ■ a2g-ia2ga2g-ia2g = 1. 
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In this case Z{N) = Z is discrete and A^ad := N/Z{N) = PSL2(M). Then each homomorphism 
h:G —y N^d corresponds to a (25') -tuple of points (xi, . . . ,X2g) & PSL2(M)^^ satisfying 

[xi,X2] ■ ■ ■ [X2g-l,X2g] = 1. 

Since G and Z{N) are discrete, we have 

HliG,Z{N))s = H\G,Z{N)). 

Using the fact that G is the fundamental group 7ri(Eg) of a compact orientable surface 'Eg 
of genus g, it is known that H^{G,Z{N)) ^ H^{Y,g,Z{N)) ^ I{.om{H2{T,g), Z{N)) ^ Z{N) 
because i?2(Sg) ^ Z ([Mil58]). The isomorphism 

^■.H'^{G,Z{N)) ^ Z{N) 

can be obtained by choosing for each central extension Z{N) ^ G ^ G a section a:G ^ G 
and then putting 

S{[G]) := [(7(q!i), (7(0:2)] ■ • • [(J{a2g-i),cr{a2g)]. 
From this observation it follows that im{6) C Z{N) coincides with the set 

{[yi,2/2] • • • [2/23-1, y2g]: {yi,...,y2g) € N, [yi,y2] ■ ■ ■ [y2g-i,y2g] €Z{N)}. 

In [Mil58] it is shown that, as a subset of Z = Z(N), this set coincides with {n € Z: \n\ < g] . 
In particular it is not a subgroup. ■ 

Remark 11.20. (a) Suppose that the extension G = N X{s,u}) G splits, so that we may w.l.o.g. 

assume that oj = 1. For h G Cl{G,N) we then have 

h.{S,l) = {h.S,h*s 1) = {h.S,dsh) with dsh{g,g') = h{g)S{g){h{g'))h{gg')-^. 
We conclude that 

{h e CliG, N): *s 1 = 1} = ZliG, N)s 

is the set of 1-cocycles for the smooth action of G on defined by the homomorphism 
— > Aut(A''). Therefore the orbit of {S,l) under Cl{G,N) may contain different elements 
of the form (S", 1) . The representations S': G — > Aut(A'') arising that way have the form 

Sf := {Cn o f) ■ S, fGZl{G,N)s. 

If N is abelian, all representations Sf are the same, so that the (G, A?") -orbit of {S, 1) 

contains no other clement of the form (S", 1). But if / G Zl{G,N)s is a cocyclc whose values 
do not lie in the center Z{N) of N , then 5*/ 7^ 5*. Nevertheless, the two split extensions 

NxisG and NxiSfG 

are equivalent. 

(b) A condition that is slightly weaker than the condition dsh = 1 is that Sh — {Cn oh)- S 
is a homomorphism, which, in view of 6h.s — Cn ° {dsh) is equivalent to iin{dsh) C Z{N) , which 
in turn means that Cn o h G Z^{G,Aut{N)) with respect to the action of G on Aut(A^) given 
by g.(f := S{g)LpS{g)^^ . Then dgdsh = dg^dgh = ds^{h*s 1) = 1 (Lemma 1.10(4)) implies 
that dsh G Zlg{C, Z{N))s , so that on the level of extension classes we have 

[TV xs G] = [iV x^^,s.,ish) G] = [dsh].[N x^s,,i) G] = [dsh].[N xs,G]. 

This shows that the semidirect products 

N XsG and N G 

are equivalent extensions of G by A'' if and only if the class [dsh] G H^g{G, Z{N))s vanishes. ■ 
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Corollary 11.21. Suppose that Z{N) < N is a split Lie subgroup, so that N^d ■= N/Z{N) 
carries a canonical Lie group structure for which qn'-N — » A^ad = N/Z{N) defines a central 
extension of by Z{N). Further let S:G ^ Aut(A'') be a smooth action of G on N and 
consider the induced action S of G on A^ad • Then we have an exact sequence of groups, resp. 

pointed spaces, 

Z(Nf ^N^^ NS, ^ HliG, Z{N))s - Hl{G, N)s ^ HI{G, N^)^-^HI{G, Z{N))s, 
where for f € Zl{G,Nad)s we have 

m]) = [dsf] 

for some f e Zl{G, N, Z{N))s satisfying qj^ o f = f and 

Ext (G,iV)[si, split ^^MS).[N xs G]. 

Proof. For the 7-term exact sequence and the connecting map 5 corresponding to the central 
Lie group extension Z{N) ^ A/' — » A^ad, we refer to [Ne05, Sect. II]. 

If the cocycle f:G ^ N has vahics in Z{N) , then f.{S, 1) = {S, 1) , so that Zl{G, Z{N))s 
corresponds to the stabihzer of {S, 1) G Zg^{G,N) and the map 

ZliG, N, Z{N))s - Zl{G, N), / ^ f.{S, 1) 

factors through an injective map 

ZliG,N,Z{N))s/Zl{G,Z{N))s = Zl{G,N^), [/] ^ 

because for each h G Zl{G,Nad)s there is an /i e Zl{G,N,Z{N))s with o h = h and 
h.{S,l) = (h.S,dsh). 

Since dsh G Z'^^{G, Z{N))s , this factor system corresponds to the extension class 

[dshUN xisG] = S{h).[N yisG] e Ext{G, N)[s]. 

This class equals [A^ »s G] if and only if d{h) =0 which is equivalent to [h] being contained in 
the image of Hl{G,N)s under the connecting map 5. 

The remaining assertion follows from Remark 11.20(b) and Proposition 11.18. ■ 

In [Bo93], Borovoi deals with non-abelian _ff^-sets in the context of Galois cohomology, 
where he calls the cohomology classes in H'^^ (G, A'') corresponding to split extensions neutral. 
Our Corollary 11.21 is a Lie group version of Borovoi's Proposition 2.3. 



III. Smooth crossed modules 

In this section wo introduce the notion of a smooth crossed module for a Lie group G . Our point 
of view is that a smooth crossed module is a central extension iV — > iV of a normal split Lie 
subgroup A'' < G for which the conjugation action of G on A/' lifts to a smooth action on N . It 
turns out that smooth crossed modules of Lie groups provide the natural framework to reduce 
problems related to general extensions of Lie groups to abelian extensions, which is carried out 
in Section IV. 

Definition III.l. A morphism a: H ^ G oi Lie groups, together with a homomorphism 
5: G — > Aut(iJ) defining a smooth action S:GxH^H, {g, h) i— > g.h = S{g){h) of G on H , is 
called a smooth crossed m.odule if the following conditions are satisfied: 

(CMl) a. o S{g) = Ca{h) o Q for 5 G G. 

(CM2) S o a = Ch- H Aut{H) is the conjugation action. 

(CM3) ker(a) is a split Lie subgroup of H and im(Q!) is a split Lie subgroup of G for which a 

induces an isomorphism H/ kcr(Q:) im(Q:) . 
The conditions (CMl/2) express the compatibility of the G-action on H with the conjugation 
actions of G and H . m 
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Lemma III. 2. If a: H ^ G is a smooth crossed module, then the following assertions hold: 

(1) im(a) is a normal subgroup of G. 

(2) ker(a) C Z{H) . 

(3) ker(a) is G -invariant and G acts smoothly on ker(a). 

Proof. (1) follows from (CMl), (2) from (CM2), and (3) from (CMl), Lemma L7(a) and 
Lemma II. 3. ■ 

Crossed modules for which a is injective are inclusions of normal split Lie subgroups and 
surjective crossed modules are central extensions. In this sense the concept of a crossed module 
interpolates between split normal subgroups and central extensions. 

In the following we shall adopt the following perspective on crossed modules. Let a: if — > G 
be a smooth crossed module. Then N := im(a) is a split normal Lie subgroup of G and 
a: H ^ N is a central Lie group extension of iV by Z := ker(a) . In this sense a smooth crossed 
module can be viewed as a central Lie group extension a:H^N of a split normal subgroup N 
of G for which there exists a smooth G-action on H satisfying (CMl/2). 

If, conversely, A'' is a split normal subgroup of G and a:N^Na. central Lie group 
extension of A'' by then wc have a natural smooth TV -module structure on A'^ given by 
C'jv(n)(n') := nn'n~^ . To obtain the structure of a smooth crossed module for a:N^G, one 
has to extend the action of A'' on A'' to a smooth G-action on A'' for which a is equivariant. In 
the following we shall adopt this point of view. 

We may w. 1.0. g. assume that N = Z(BfN for some / € Zgg{N,Z) (Remark II. 14) and write 
the G-module structure on Z as {g, z) g.z. Then the G-module structure on N = Z (Bf N 
can be written as 



(3.1) g.{z, n) = {g.z + 9{g){g.n), Cg{n)), 

where the function 9:G ^ Cl{N,Z) is a map for which 0:G x N — > Z,{g,n) 9{g){n) is 
smooth on an open neighborhood ofGx{l}inGxA/'. That (3.1) defines a group action 

of G on A^ means that 6* is a cocycle with respect to the natural action of G on C] {N, Z) 
by {g.a){n) := g.a{g~^ng) , and that with respect to the natural action of G on Cg{N,Z) by 
{g.f3){ni,n2) := g.p{g~^nig, g~'^n2g) we have 

(3.2) dN{e{g)) = g.f - f = ds{f){g) for all 5 G G. 
(cf. Corollary A. 4 and Lemma A. 11). 

Lemma III. 3. For a cocycle 6:G ^ Cl{N,Z) satisfying (3.2), the following are equivalent: 

(1) The corresponding action of G on N is smooth. 

(2) The function 6 : G x N ^ Z,{g,n) 1-^ 9{g){n) is smooth in an identity neighborhood and 
for each n G N the function 

(3.3) 9n:G^Z, g ^ 9{g){g.n) + f{g.n,n-') 

is sm,ooth in an identity neighborhood of G . 
Proof. This is an immediate consequence of Proposition A. 13. ■ 

Definition III. 4. In the following we write G^ (G, Cl{N, Z)) for the set of all maps a: G ^ 
Cl{N,Z) for which the function a : G x N ^ Z,[g,n) a{g){n) is smooth in an identity 
neighborhood. We write Clg{G,Cl{N,Z))f for the set of all elements with the additional 
property that for each n G N the function 

an-.G^Z, g^ a{g){g.n)+ f{g.n,n~'^) 

is smooth in an identity neighborhood. The set of all cocycles in Cl{G,Cl{N, Z)) is denoted 
Zl{G, GUN, Z)) and likewise Zl{G, Gl{N, Z))f := Gl{G, Gl{N, Z))f n Zl{G, Gl{N, Z)) . 
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The natural action of N on N is given by 

{z,n){z' ,n'){z,n)~^ = [z' + f{n,n') — f{nn'n~^,n),nn'n~^). 

We define 

(3.4) f{n){n') := /(n, n-'n'n) - f{n', n), 

and observe that (3.1) defines a smooth action extending the given action of A'' if ^ |jv = / , i.e., 
that the pair (/, 6) is an element of the group 

D := {(/, 6) e Zl{N, Z) X Zl{G, Cl{N, Z)): d;v o ^ = ds{f), 6\N = J,6e Zl{G, Cl{N, Z))f}. 

That the set of all these elements is indeed a subgroup follows directly from Lemma III. 3. We 
also write 

D{f) := {9 € ZliG,Cl{N,Z))f: {f,0) G D} = pv^iD) 

for the set of all smooth actions of G on A'' extending the given action of N . m 

The following lemma provides a convenient description of the set D{f) as a homogeneous 
space. 

Lemma III.5. For any {f,9) &D and a & Zl^{G/N, Zl{N, Z))o we have 

a* if, 9) := {f,e + q*a)€D. 

This defines for each f G pri{D) C Zgg{N, Z) a simply transitive action of Zlg{G/N, Zl{N, Z))o 
on the set D{f) . 

Proof. That a * {f,9) G D follows from 

dN ° {9 + q*a) = dN o 9 + dN o q*ct = dN °9 + q*{dN o a) = dN ° 9 = ds{f)- 

If, conversely, {f,9),{f,9') G D, then the difference 9' — 9 has values in Zl{N,Z) and 
vanishes on N , hence is of the form q*a for some a € Zl^{G/N,Zl{N,Z))o because for each 
n G N the map 

g^{9'- 9){g){g.n) = 9'{g){g.n) + f{g.n,n-') - {9{g){g.n) - f{g.n,n-')) 

is smooth in an identity neighborhood of G . This proves the lemma. ■ 

We want to construct a map Q: D H^{G/N, Z) such that Q{f, 9) — Q characterizes the 
extendability of / to a cocycle / G Zg{G,Z) satisfying f \gxn = . In the following we fix a 
pair (/, 9) G D and consider the corresponding smooth action of G on N given by 

S{g){z,n) := {g.z + 9{g){g.n), g.n) 

(cf. Corollary A. 4 and Proposition A. 13). To define the map Q , let a: G/N — > G be a normalized 
locally smooth section of the quotient map and define 

S :=Soa:G/N ^ AvLt{N). 

There exists an a; G Cg{G/N,N) with qN o u = 6^ , where qN- N ^ N is the quotient 
map. Then 

(3.5) Ss = S o = S o qj^ o u = o u, 
which shows that 5 is a smooth outer action of G/N on AT. 
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If wc even find an cj G C'^^{G/N,N) with l)s = Cn ° wc have a strongly smooth 
outer action, but this does not follow from the definition of a smooth crossed module. Using 
Lemma LIO, it is easy to see that this additional smoothness condition for S does not depend 
on the choice of the section a , hence is a property of the pair ( /, 6) . We write Dg^ C D for 
the set of all pairs (/, 9) £ D for which 5 is a strongly smooth outer action. In terms of the 
product coordinates N = Z Xf N , this means that there exists ivz & Cgg{G/N, Z) such for 
ui := (wz, 6a) e Cl{G/N, N) the functions Wg-. G/N N given by 

u}g{x) = u{g,x)w{gxg~'^,g)~'^ 

= {u>z{g, x), S„{g, x)){ujz{gxg~'^,g), 5a{gxg~'^,g))~'^ 

= {(^z{g,x),Sa{g,x)){ - ujz{gxg~^,g) - f{5„{gxg~^ ,g)~'^ ,6„{gxg~'^ ,g)),5a{gxg~^ ,g)~'^) 

= {i^z,g{x) - ,f(S„(gxg^'^,gy^,Sa{gxg^^,g)) + f{5„{g,x),5„{gxg^'^ ,gy'^),5„,g{x)) 

are smooth in an identity neighborhood. For 5a,g this follows as in Definition I.l, but for the 
Z -component this depends on the values of the section a in elements far from the identity, so 
that the smoothness assumptions in the identity do not imply anything. 

Lemma III. 6. The function 

Qif, 9, a, to) := dguj: {G/Nf ^ N, [g, g' , g") ^ S{g){uj{g', g")Mg, g'g"Mgg', g'TMs, qT^ 

has values in Z and is a 3-cocycle in Z^{G/N,Z) . Its cohomology class [dgcj] G Hg{G/N, Z) 
does not depend on the choices of u> and a . Likewise, for (/, 9) G Dgg the cohomology class of 
dsu) in Hgg{G/N, Z) does not depend on u and a. 

Proof. First we observe that {dsOii){g,g',g") G Z follows from 

qN{{dsu>){g, g', g")) = CN{a{g)){5^{g' , g"))5.{g, g'g")5^{gg', g'T'S.ig, g'T' 
= cT{g){a{g')a{g'')a{g'g'r'Hg)-'o{g)a{g'g^ 

It is easy to verify that dsuj vanishes if one of its three arguments is 1 , so that dgw G 
Cg{G/N, Z) . Since 5 is a smooth outer action of G/N on N and 5s = ouj, Lemma 1.10(5) 

implies that dsui G Z^{G/N, Z{N)) . Since its values lie in the subgroup Z of Z{N), we have 
dsuj G Z^{G/N, Z). 

It remains to show that the cohomology class of [dsco] in Hf{G/N, Z) , resp., Hgg{G/N, Z) 
does not depend on the choices of w and a. We only discuss the case {9,f) G Dgs- First we 
show that is does not depend on the choice of a; if is fixed. So let uj G Cgg{G/N, N) be another 
map with ou) = 6^ ■ Then there exists a function /? G Cl^(G/N, Z) with oj = P ■ iv . As all 
values of /? commute with all values of w , this leads to 

dsui = dsP + dsoj = da/Np + dsi^ e dscj + da/NiC^siG/N, Z)). 

Therefore the choice of w for a fixed section a has no effect on the cohomology class [dgoj] in 
HUG/N,Z). 

Now we consider another section a G Cl{G/N,G) of q. Then there exists a function 
h G Cl{G/N, N) with a = /i ■ ct and 

^{9,9') = h{g)a{g)h{g')cj{g'){h{gg')cj{gg'))-^ = h{g)c,^g){h{g'))5,{g,g')h{gg')-\ 

Let h G Cl{G/N, N) with q^ o h = h. Then the prescription 

^{9,9') = h{g)S{g){h{g'))uj{g,g')higg')-' = {h*s oj){g,g') 

defines an element w G Clg{G/N, N) for which S := S oa = [C^ o h) ■ S satisfies 5^ = o uj 
(Lemma 1.10(1)), and we conclude from Lemma 1.10(4) that dgrw = rfsw. ■ 

The preceding lemma implies that the cohomology class 

Q{f,0) ■■= [Q{f,9,a.u;)] = ldsu;] 

in H^{G/N, Z) only depends on the pair {f,9), hence defines a map Q:D^ H^{G/N,Z). In 
the strongly smooth case we obtain a map Qss- Dss — > Hfg{G/N, Z). 
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Lemma III. 7. The maps Q: D ^ H^{G/N,Z) and Qss-Dss ^ H^^{G/N,Z) are group 

homomorphisms. 

Proof. Again we consider only the case {9,f) £ Dgg. We choose iv G Cgg{G/N,IV) with 
qn oco = Sa . We have to see how Q{f, 0, a, w) depends on (/, 0) . Writing N := Z Xf N , any u 
with o LU ^ 6a- can be written as uj = (luz, 6a-) , independently of / and 6 . 

Writing g.n = gng~^ for the conjugation action of G on A^, we now obtain 

S{g).u;{g',g") = S{a{g))icjz{g',g"),6a{g',g")) 

= {9-^z{9',9n+(){<^{9)){cT{g)M9',9'%<^{9)M9',9''))- 

Therefore 

{S{g).uj{g',g"))uj{g,g'g") 
= {9-^z{g\gn+^z{g,g'gn + e{a{g))ia{g).6a{g\gn) + f{<^{9)M9\9n,^^^^ 
{a{g).S„{g', g"))da{g, g'g")j , 

and similarly 

uj{g, g'Mgg', g") = (a;z(<?, g') + ^z{.gg\ g") + /(5a(<?, g'\ 5a{gg' , 5")), 5a{g, g')5a{gg', g"))- 

This implies that 

{dsuj){g,g',g") = {dsu^z){g,g' ,9") + 0{o{g)){a{g)M9' ,g")) 

+ m9)M9',9"), Sa{9, g'g")) - f{S49, 9'), ^a{gg', g")). 

Hence the cohomology class of dgw depends additively on the pair {f,9), i.e., Qss is a group 
homomorphism Dgg — > H^^ {G/N, Z) . m 

The following theorem explains the meaning of the condition Q{f,0) = 1. It is the main 
result of the present section and establishes an important link between smooth crossed modules 
and the extendability of central extensions of normal subgroups to the whole group. 

Theorem III.8. Let f G Z^g{N,Z) with N = Z Xf N and G Zlg{G,Cl{N, Z))f describe 
a smooth action S of G on N such that the homomorphism a:N^G, {z, n) 1— > n is a smooth 
crossed module. Further let a € Cl{G/N,G) with qo a = id^/jv &e a locally smooth section, 
oj e Clg {G/N, N) with 5a = qn o , and S = S o a . Then the following are equivalent: 

(1) Qssif, 0) = [ds^\ = 1 in Hl{G/N, Z) . 

(2) There exists a Lie group extension Z ^ G—^G and a G -equivariant equivalence 

N q~^{N) of Z -extensions of N . 

(3) There exists a cocycle fa G Z'^g{G, Z) with fa \nxn = f and fa jcxAf = 0- 

Proof. (1) ^ (2): Suppose that [dsuj] = 1, i.e., dgw = for some j3 G Cl,{G/N,Z). 
Then uj' := u> ■ (3~'^ satisfies qN ou' = 5^ and rfgw' = dsu) - dsP = 0. Since u' G Cgg{G/N, N) 
follows from f3 G Ggg{G/N, Z) , the pair {S,uj') is a smooth factor system for G/N and N, so 
that we obtain a group G = N x (s,uj') G/N with the product 

{n,g){n',g') := inS{g)in')u;'ig,g'),gg') 

and a natural Lie group structure (Proposition ILS). Then G is a Lie group extension of G/N 
by A''. On the other hand, we can view (Gjv o a,6a) as a smooth factor system for G/N and 
N , which leads to the description of G as N x {G/N), endowed with the product 



{n,g){n',g') := {nCN{(T{g)){n')dc,{g,g'),gg'). 
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Hence the map 

qG:G = Nx {G/N) = {ZxfN)x (G/N) ^G = Nx (G/N), {{z, n),g)^ (n, g) 

defines a Lie group extension of G by Z containing N . It remains to verify that the action of 
G on N induced by the conjugation action of G, for which Z acts trivially, coincides with the 
action given by 9 . 

It follows from the construction, that the conjugation action of G on iV = Z x j iV is given 

by 

(n, g){z, n')(n, g)-' = c-{n)S{g){z, n') = c^{n){g.z + 0(.g)(Gw(g)(n')), Gw(g)(n')) 

= (5.^ + 0(5)(G^(5)(n')) + e(n)(G^(n)G^(g)(n')),G^(n)Gw(5)(n')) 
= {g.z + e{{n,g)){CN{n)CN{g){n')),CN{{n,g)){n')) = {n, g).{z,n'). 

This completes the proof of (2). 

(2) (3): Let g: G ^ G be an extension as in (2). We may w.l.o.g. assume that 
G = Z Xf^ G for some fa S Z'^^{G, Z) , where fa extends /, i.e., N = Z Xf N is contained 
in G. The condition that the inclusion ^ G is G-equivariant means that fclcxN = 6 . 

(3) (1): Let fa € Zl^{G,Z) be a cocycle as in (3) and 

QG-.G-Zxf^G^G 

the corresponding Lie group extension. The condition | jvxJV = / means that the group 
N = Z X f N is a split Lie subgroup of G, and the second condition fa \gxn = d ensures that 
the conjugation action G^ of G on induces the action of G on defined by 9. 

We consider the locally smooth normalized section a: G/N G,g {0,a{g)). Then &^ 
satisfies ° = . In view of dsco = 1 and 5 = oa, we now have 

Qif,9,a,6g)=ds5g=l. 

It follows in particular that Q{f,9) = [dsSg] = 1 (Lemma III. 6). ■ 

RerriEirk III.9. Suppose that G is connected and that {f,0) € D. If Q{f,9) = 1 in 

Hg(G/N, Z) , then the same argument as in the proof of Theorem IILS provides uj' € Cg(G/N, N) 
with 5s = oui' and dsco' = 1. Now Lemma II. 9 implies that w' G Cgg{G/N,N) and that 
(2) still holds. All other implications do not require the strong smoothness of S. Hence Theo- 
rem III.8 remains true for connected groups G if we replace the condition in (1) by the weaker 
requirement Q{f, 6*) = 1 in H^{G/N, Z) . ■ 



IV. Applications to non-abelian extensions of Lie groups 

Let G and N be Lie groups, and assume that Z[N) is a split Lie subgroup of N , so that 
-^ad '■= N/Z{N) carries a natural Lie group structure. Further let S S G^ (G, Aut(Ar)) be a 
strongly smooth outer action. In this section we describe the set Ext(G, 7V)[g] of A^-extcnsions 
of G corresponding to [S] in terms of abelian Lie group extensions. The main point is that S 
defines a Lie group extension 

1 ^ ■■= N/Z{N) G^ i G ^ 1 

and that for each A'' -extension G of G corresponding to S*, wc have G/Z{N) = G^ , so that 
we may consider G as an extension of G^ by Z{N). This relation reduces several problems 
concerning general Lie group extensions to the abelian case for which we refer to [Ne04a]. 
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Pick Lo e Cl^{G,N) with ^5 = Cn ooj- Since iVad = Cn{N) C k\\i{N) , we write the 
elements of this group as CN{n) and not as cosets nZ{N) . On the product set 

:= X G 

we define the product 

{CN{n),g){CN(n'),g') := (CN{nS{g)(n')u{g,g')),gg') = (Cjv(n)cs(g)(Civ(n'))^s(5,5'),55')- 

Note that the second form of the product shows in particular that it does not depend on co . We 
observe that 

S^:G^ Aut(7Vad), Si{g)(CN{n)) = CN{S{g).n) 
is a smooth outer action with 83^ = Cn^^ o 83 if we consider 5s as A^ad -valued function. 

Lemma IV. 1. G^ is a group with the following properties: 

(1) It carries a natural Lie group structure for which qs'-G^ — » G,{CN{n),g) ^ g is a Lie 
group extension of G by N^d ■ The equivalence class of this extension only depends on the 
G -kernel [S] . 

(2) The mup p:G^ Aut(A^). (C/v(n),,g) CN{n)S{g) defines on N a sm,ooth G^ -action. 

(3) The map a: N ^ G^,n (CAr(n),l) defines a smooth crossed m,odule with 

\ieva = Z{N) and coker(Q) = G^/iVad ^ G, 

and S is the corresponding strongly smooth outer action of G = G^ /Ng^ on N . 

Proof. (1) First wc have to show that {Si,Ss) is a smooth factor system for G and iVad: 
Since we define the Lie group structure on A^ad = Cn (N) in such a way that Gjv : A' A'^ad is the 
quotient map, the relation Ss = Cn oco implies 5s € C^^ (G, A^ad ) ) and we have = C ° 5s ■ 
If [/ C G is an open identity neighborhood such that the map U x N ^ N , {g,n) S{g).n 
is smooth, then the map 

UxN^^ ATad, {g, CN{n)) ^ GN{S{g).n) = S{g)CN{n)S{g)-^ = Si{g){CN{n)) 

is also smooth. 

The local smoothness of 5s = Cn o w follows from the local smoothness of w. Moreover, 

^sAa') = 5s{g,g')5s{gg'9^^,gr^ = CN{u){g,g')uj{gg' g^\g)~^) = CN{ujg{g')) 

is smooth in an identity neighborhood because lj G G^^ (G, A") . 
For g,g',g" S G we have 

Si{g) {5s {g, g"))Ss{g, g'g") 
= S{g)(^S{g')S{g'')S{g'g'T')s{g)-'S{g)S{g'g'')S{gg'g'')-' 
= S{9)S{g')S{g")S{gg'g")-' = S{g)S{g')S{gg')-' S{gg')S{g")S{gg' g")-' 

= Ssig,g')Ss{gg\g")- 

This shows that {Si, 5s) is a smooth factor system, so that G^ is a group and Proposi- 
tion n.8 provides a natural Lie group structure for which qs-G^ ^ G is a Lie group extension 
of G by A^ad. 

To see that the Lie group G^ = Aad X(Si,(5s) ^ depends, as an extension of G by A^ad, 
only on the equivalence class [S] , let a e Cl{G, N) and S' := {Cn oa) ■ S . Then 

S'l ■■= {Cn,^ oh) -81= h.Si for h:=CNoaG Cj (G, A^ad), 
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and formula (1.1) after Definition I.l leads to 

Ss'ig,9') = CN[aig)Sig){aig')))Ss{g,g')CN{aiggT') = (h^s, Ss){g,g'). 
According to Proposition 11.10, the map 

^:G^' ^ G^, {CNin),g) ^ {CN{na{g)),g) = {CN{n)h{g),g) 

is an equivalence of extensions of G by A^ad • 

(2) First we show that p is a representation: 

p{CN{n),g)p{CN{n'),g')) = CN{n)S{g)CN{n')S{g') = CN{n)CN{S{g).n')S{g)S{g') 

= CN{n{S{g).n'))5s{g,g')S{gg') = p[cN{n{S{g).n'))6sig,g'),gg') 

= piiCN{n),g){CMin'),g')). 

Since p{G^) consists of smooth automorphisms of N, the smoothness of the representation 
follows from the local smoothness and the smoothness of the orbit maps. Local smoothness is a 
consequence of the local smoothness of the map 

(JVad xG)xN^N, {{CN{n),S{g)),n') ^ CN{n)S{g).n' 

which, in addition, shows that the action of G^ on iV is a map G^ x N ^ N that is smooth on 
a set of the form x A'' , where is an identity neighborhood in G^ . Since G^ acts on N 
by smooth maps, this implies the smoothness of the action. 

(3) is an immediate consequence of (1) and (2). ■ 

If the group G is connected, then we can use Lemma II. 9, instead of Proposition II. 8, in 
the preceding proof and draw the same conclusions if S is not strongly smooth. 

Lemma IV. 2. The map 

ij={p,qs):G^ ^Aut{N)xG 
is injective and yields an isomorphism of groups 

= {{'P, g) e Aut(Af) X G: S{g) e ^ ■ Cn{N)}. 

Proof. Since kergg = A^ad and {kev p)r\N^ = {1}, the map ij) is an injective homomorphism 
of groups. 

For each element {CN{n),g) e G^ we have ipi^^Nin), g) = {CN{n)S{g), g), which proves 
"C," and for any pair {(p,g) G Aut(A^) x G with (p G S{g) ■ Cn{N) wc find an clement n € N 
with (fi = Cjv(n)<S'((?) , which means that {ip,g) = V'(C']v(n), 5) . This proves the lemma. ■ 

Proposition IV. 3. Let q:G ^ G be a Lie group extension of G by^ N , corresponding to the 
smooth G -kernel [S], and C'n the corresponding representation of G on N . Assume further 
that Z{N) is a split Lie subgroup of N . Then G/Z{N) = G^ and the map 

^={Gn-{So q)-\q): G ^ Aut(Af) x G, g^ {CN{g)S{q{g))-\q{g)) 

defines a Lie group extension 

Z{N) ^ G^G^. 
This assignment has the following properties: 

(1) If qj-.Gj — >■ G, j = 1,2, are equivalent extensions of G by N , then jj-Gj — »■ G^ are 
equivalent extensions of G^ by the smooth G^ -module Z{N) . We thus obtain a map 

r: Ext(G, Ar)[5] ^ Ext(G^, Z(Ar))[,] . 
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(2) A Lie group extension 7: G"'' G"'' of G"'' by Z{N) comes from an extension of G by N 
corresponding to [S] if and only if there exists a G^ -equivariant equivalence 

of central extensions of N^d by Z{N) . Note that G^ = G^ /Z{N) acts on 7~"^(A^ad) because 
Z{N) acts trivially on this group. 

Proof. Since the extension G corresponds to [S] , it is equivalent to an extension of the type 
N G with q{n,g) = g, where {S,w) is a smooth factor system (Proposition II. 8). This 

means that 

(4.1) CN{n,g) = GN{n)S{g) = CN{n)S{q{n, g)), 

so that 7(n, g) = (GAr(n), g). Now the explicit formulas for the multiplications in N X(s,uj) G 
and G^ imply that 7 is a surjective morphism of Lie groups. Its kernel is Z{N) , so that the 
assumption that this is a split Lie subgroup implies that 7 defines a Lie group extension of G^ 
hy Z{N). 

(1) If if.Gi G2 is an equivalence of -extensions of G, then the representations G^, 
J = 1,2, of Gj on A'' satisfy G^ o ip — C]^ because ip\N = i^n ■ Therefore the quotient maps 

^, = {C'^-{Soq^)-\q,):G,^G^ 

satisfy 72 o = ((G^ o ip) • {S o q^o V^)^^; q2° ^) = {Glf • {S o qi)~^, qi) = 71. This means that 
(p: Gi G2 also is an equivalence of extensions of G^ by Z{N) . 

(2) Suppose first that the extension 7: G^ G^ by Z{N) comes from the -extension 
q:G ^ G corresponding to [S] in the sense that G ^ & with G/Z{N) = G^ . We may 
assume that G = G(s,u) (Proposition II. 8). Then (4.1) shows that {n,g) 6 G acts on 
by Ci^{n)S{g) = p{Cj^{n),g) . Therefore the inclusion N ^ G onto the subset 7~^(Afad) is 
equivariant with respect to the action of G^ , and therefore in particular for the action of A^ad ) 
so that it is an equivalence of central extensions of A^ad by Z{N) . 

Suppose, conversely, that 7: G^ — > G^ is an extension of G^ by Z{N) for which there 
exists a G"^ -equivariant equivalence a:N^ 7~^(-^ad) of central extensions of A^ad by Z{N). 
Then 

G^'/a{N) = G^/7-i(A^ad) = G^/A^ad = G, 

so that we obtain an extension of G by A^ by the quotient map q = qs G^ — > G with kernel 
7~^(^^ad)- The action of G^ = G^ /Z{N) on A'' induced by the conjugation action of G^ on N 
coincides with the given action 

p: G^ ^ Aut(A^), {CN{n),g) ^ CN{n)S{g) 

of G^ on N because a is G*^ -equivariant. Therefore the G-kernel of the extension q:G^ — > G 
is [S]. 

For the conjugation action Gjv of G^ on N we have Gjv = p o 7 and q = qs so that 
the corresponding map G^ G^ coincides with 7 . This means that 7: G^ — > G^ is associated 
to the extension q: G"'' ^ G by the process described above. ■ 

Remark IV.4. In Lemma IV.l we have seen that the map a: A" — > G^ defines a smooth 
crossed module with smooth outer action 5:G — » Aut(A^). According to Theorem III.8, the 
central extension 

Z{N) ^ N^N^d 
can be embedded in a G'^ -equivariant way into an abelian extension 

Z{N) ^ G^-^G^ 

if and only if XsaiS) & H^g{G, Z{N))s vanishes. If G is connected, we have the simpler criterion 
Xs{S) = 1 in Hf{G, Z{N))s ■ Comparing with Proposition IV. 3, we see that this happens if and 
only if Ext(G, N)[s] 7^ (of also Theorem 11.17). ■ 



32 



Non-abelian extensions of infinite-dimensional Lie groups 



April 14, 2005 



Appendix A. Automorphisms of Lie group extensions 

In this appendix we collect several useful results of automorphisms of group extensions. 

Let q:G^G be a Lie group extension of G by -/V corresponding to the G-kernel [S] . In 
this appendix we discuss the group 

Aut(G, N) := {ip e Aut(G): ip{N) = N} 

of all Lie group automorphisms of G preserving the split normal Lie subgroup N . We have a 
group homomorphism 

Aut(G, N) Aut{N) x Aut{G), if ^ {ipN, ^g) ■= i^Niv), «'g(¥')) 

with 

ipN '■= f \n and (pG o q — q o If 

(cf. Lemmas 1.7 and II. 3). The kernel of $ consists of those automorphisms of G inducing the 
identity on the subgroup N and the quotient group G . One of the main results of this appendix 
is an exact sequence 

^ Zl{G,ZiN))s^Ant{G,N)^iAutiN) x Aut{G))[s]^Hl{G, ZiN))s, 

where / is a 1-cocycle for the action of the stabihzer (Aut(iV) x Aut(G'))[5] of [S] on the group 
H^g{G, Z{N))s ■ In the context of abstract groups, a similar result has been obtained by Wells 
in [Wel71] (cf. also [Ro84]). 



Automorphisms of Lie group extensions 

First we take a closer look at the action of Aut(A'') x Aut(G) on factor systems and 
extensions. In the following we shall often refer to the natural action of Aut(A'') x Aut(G) on 
the sets Cp{G,N) by 

((V, (51, • • • , 9p) ■■= Mi>~\9i), ^-\9p)))- 
Lemma A.l. The group A\\t{N) x Aut(G) acts naturally on Gj(G, Aut(A^)) x Gl^(G,N) by 
{(fi,ip).{S,uj) := {c^o S o ip~'^,ipoujo (^~^ X i>~'^)). 

For {(p,^p).{S,uj) = {S',Lo') the following assertions hold: 

(1) IfSs = CpfOuj^ then 5gi = Gjv ° i^' • 

(2) ds'co' = ip o (dsco) o [tp X tp X ip)^^ . In particular, the subset Zgg{G, N) is invariant under 
the action of Aut(Ar) x Aut(G) . 

(3) For h G Cl{G,N) and ((^, V) e Aut(A'') x Aut(G) we have 

{^,^).{h.iS,u)) = {{^,i^).h).{{v>,i>).iS,u;)). 
In particular, we obtain an action of the semidirect product group 

Cl{G,N) X (Aut(A^) X Aut(G)) 
and hence an action of Aut(A'') x Aut(G) on the set H^g{G,N) of Cl{G, N)- orbits. 
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(4) Let £: N—^G—^G be a short exact sequence describing a Lie group extension of G by N 
and consider the exact sequence 

£' := {if, ilj).£ : 1 ^ N . G . G ^ 1. 

For G = N y-(s,u}) G the sequence £' describes an extension equivalent to N y-(ip^-,p).{s,uj) G 
and the map 

m^^^y.N x^s,u,)G^ N X(^^^).(5_^) G, {n,g) ^ {ip{n),^{g)) 

is an isomorphism of Lie groups. 
Proof. (1) For S' := {(fi,tp).S and Ss = Cn o u; we have 

Ss' = c^ o 6s o {ip X = c<^ o Cat o w o X -0)"^ 
= C^oGn o ip~^ o (lyJ, V')-^ = Cjv o ((yj, iIj).lo. 

(2) follows from 

{ds'w'){g,g',g'') = S\g){u\g\g''))cj\g,g'g'')u\9g',gn-'u,''{g,gr' 
= v(^S{g) {w{i;-'9', r • • • u>{^-'9, i^-'g'T') 
= (f o dsuj o {iIj X ip X ipy^ig, g' , g"). 

In view of (1), this formula shows that the action of Aut(A^) x Aut(G) on the product set 
Gg (G, Aut(A'^)) X Ggg{G,N) preserves the subset Z^g{G,N) of smooth factor systems. 

(3) follows from an easy calculation. For the identification of Ext(G, A/') with the set 
H^,{G,N) of G^i(G, A/") -orbits in Z%{G,N), we refer to Proposition 11.10. 

(4) Suppose that G = A' x ( g^^^ G holds for a smooth factor system (S, oj) (Proposition II. 8) . 
If cr: G ^ A^ X{S,u) G, 3 t-H> (1, g) is the canonical section, then a' := aoip~^ g Cl{G, G) satisfies 

{■tp o q) oa' = tp o q o a o = ida, 
so that we can interprete a' as a section for the extension £' . We now have 

S^i = 5cr O tp~^ = LOU o tp~^, 

and the action of G on N corresponding to the extension £' is given by 

C'^{x){g) := i'-\xi'{g)x-^) = <p o t-\xi{<p-\g))x-^) = if o CN{x){ip-\g)) = {c^ o CN{x)){g). 
Therefore 

S' := C'j^ oa' = c^o Cn o a o tp~^ = c^o S o 'ip~^ = [ip, 
Moreover, the relation looj = 5^ leads to 

6^1 = Sa O {tp O tp)~^ = L O OJ O [lp O 1p)~^ = to ip~^ O ifOU) O (lp O 1p)~^ = i' O [ifi, 1p).(jJ. 

This implies that uj' = {(p,ip).oj, so that the sequence £' is represented by the extension 
^ ^{S',oj') G with {S',co') = {ip,'ip).{S,CL)) . Furthermore, the map IJ'(ip^.,j,) is a group homo- 
morphism: 

M(v:>,i/-)((^, g){n',g')) = fJ,(^^^){nS{g){n')Lj{g, g'), gg') 

= o S{g){n')) {(f o a)(,g, g')) , ip{gg')^ 

= Mn)ic^ ■ S{g)){^{n')W{i^{g)M9'))M)) 

= {^{n)S'{gmn'))J{tP{g),^P{g')), tP{gg')) 

= {^{n),ip{g)){'p{n'),ip{g')) = /J-{^,^)in,g)ii(^^^^){n',g'). 

That it is an isomorphism of Lie groups follows from the fact that it is a local diffeomorphism.B 

The following two lemmas provide descriptions of kernel and range of $ . 
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Lemma A. 2. On Z{N) we consider the action Sz of G induced by the conjugation action of 
G on N . For each f € Zl{G, Z{N))sz we obtain an element (ff := {f o q) ■ idg € ker$, and 
the map 

Zl{G, Z{N))s, ^ ker $, f^ipf 
is a bijective group homomorphism. 

Proof. Let / £ Zl{G, Z{N)) . Clearly (pj-.G^Gisa. diffcomorphism of G with q o ipj = q 
whose inverse is given by ff-i ■ That it is a group homomorphism follows for 7 = 9(7) and 
7' = ^(7') from 

(A.i) ^f{ii') = f{ii)ry' = f{i)i{f{i'))ii' = f{i)if{i')i^^ii' ^ ^f{i)vf{i)- 

Prom qo ipf = q we immediately obtain that o ipfi = (pff for /, /' G Zl{G, Z{N)) , 
showing that ^' is a group homomorphism. This homomorphism is obviously injective. To see 
that is also is surjective, let (p € ker $ . Then = f ■ idg with a smooth function f:G ^ N . 

The fact that (/? is a homomorphism implies that / £ Zl{G, N) with respect to the conjugation 
action of G on A'' (cf. (A.l)). Moreover, f{N) = {1} implies that / is constant on the A^-cosets: 

7M = mcg{f{n)) = f{g), gGd,nG N. 

Hence / can be written as f oq for some smooth function f:G ^ N . Since N is normal in G , 
we also have for each g G G and n & N the relation 

f{g) = f{g ■ {g-'ng)) = f{ng) = f{n)cM{g)) = cMig)), 
and hence that im(/) C Z{N) . This proves that / G Zl{G, Z{N)) , so that ^ is surjective. ■ 

Proposition A. 3. Let {S,ui) G Z'^g{G,N), G = N X(s,u) G be the corresponding Lie group 
extension of G by N and {'p,i)) G Aut(iV) x Aut(G). 

(a) We write the extension G as the exact sequence f : 1 — > N^G-^G 1. Then 
ifjtp) G im($) if and only {(fi,ip).£ ~ £ holds for the extension 

{^,^)£: l^N , G ^""^ > G^1. 

(b) An automorphisms v G Aut(G, A^) satisfies $(z^) = (95, V') if and only if it is of the 

form 

(A2) u{n,g) = {v>{n)h{0{g)),f3{g)) 

with h G Cl{G,N) satisfying {(p,'ip).{S,ui) = h.{S,ijj). In particular, G im($) if and only 

if we have in Ext{G,N) ^ Z%{G,N)/Cl{G,N) the relation 

(^,t^).[(5,a;)] = [(5,a;)]. 

Proof. (a) For A £ Aut(G, N) wc consider the extension £' := (Ajy, Xg)-£ and put l' := loXJ^^ 
and q' := Xg ° q ■ Then the map X:G ^ G yields an equivalence of extensions 



A 



N > G > G. 

Therefore $(A).f ^ £ . If, conversely, {(f, ip).£ ^ £ , there exists an equivalence of extensions 

N G ^ G 

idiv A idc 
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This means that Xn = (p and Xq = '4' ■ 

(b) Let u € Aut(G, A'') with ^{v) = {ip,tp). In the product coordinates of G = N X(s,ui) G 
we then have 

v{n,g) = {ip{n)h{ij{g)),ip{g)) 
for some h G Cl{G,N). Let {S',u}') := {(p,'ip).{S,ui) and consider the isomorphism 

M: X {s,u>) G^Nx ^s',u,') G, (n, g) ^ (v>(n), ^(5)) 

(Lemma A. 1(4)). Then we obtain an isomorphism 

A := z/o/x"^: A/' X(s'x) G^N X(s,„) G, {n,g) ^ {nh{g),g) 

which is an equivalence of extensions, so that Proposition 11.10 implies that {S',uj') = h.{S,u)). 

If, conversely, {S',uj') = h.{S,Lv), then A is an equivalence of extensions and v := Xo^ an 
automorphism of Lie groups. ■ 

Corollary A. 4. Suppose that N is a smooth abelian G -module, where the action of G on 
N is given by 5:G — > Aut(A'), u G Z'^^{G,N), and that G = N x^^ G is the corresponding 

abelian extension of G by N . Further let {(p,ip) G Aut(A^) x Aut(G). Then an automorphisms 
v G Aut(G, A") satisfies $(i^) = {p, 4') if '^^'^ only if it is of the form 

(A3) v{n,g):={^{n)h{(3{g)),(3{g)) 

with h G Cl{G,N) satisfying 

{(p,ip).S = S and {(p,ip).Lu — oj = dsh. ■ 

The preceding observations provide the exact sequence 

1 ^ Zl{G,Z{N))^Aut{G,N)^{Aut{N) x Aut(G))j^j ^ 1. 

The following lemma expresses that the actions of G on N and G preserve the extension 
class £. 

Lemma A. 5. Let N be a G-Lie group and qc-G G be an N -extension of G for which 
the corresponding outer action is contained in the class [S] . Then for each g G G there is an 
automorphism (p G Aut{G,N) with (fN = S{g) and ipo = Cg . 

Proof. Let g G G with q^g) = g. Then ij) := C^Cg) G Aut(G, AT) satisfies tpc = Cg and Vat 
is of the form c„ o S{g) for some n G N because [G] G Ext(G, N)[s] ■ On the other hand C^{n) 
satisfies C-Q{n)G = idg and C^{n)N = c„, so that (p := Gg(n)~^ o ^ meets all requirements. ■ 

Remark A. 6. The group N also acts on the set Z'^g{G,N) of factor systems by the homo- 

morphism {Cn, 1): A^ ^ Aut(A) x Aut(G) . This means that 

{n.S){g) = CN{n)-Sig)-CN(n)-' =CN{nS{g){n-'))S{g) and n.w = G^(n)ow. 
We consider the function h G G^ (G, N) given by h{g) := nS{g){n~^) = ds{n){g) and claim that 

h*s^ = n.ui, 

which implies that n.{S,oj) = h.{S,oj). In fact, we have 

{h*s^){g,g') = h{g)S{g){h{g'))uj(g,g')h(gg')-^ 

= nSig)inr'S{g)inSig')in-')Mg,g')S{gg'){n)n-' 

= nS{g)S{g'){n~^)Lo{g,g')S{gg'){n)n-^ 

= n{CNH,g,g'))S{gg')(n-^))u:{g,g')S{gg'){n)n~^ 

= 'nuj{g,g')S{gg'){n^^)uj{g,g'r^uj{g,g')S{gg'){n)n-'^ 
= nu!{g,g')n~'^ = CN{n){co{g,g')). 
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Remark A. 7. For an extension q: G ^ G it is also interesting to consider its gauge automor- 
phism group 

Gau(G) := {ip e Aut(G, N):qoip = q} 

of all automorphisms of G inducing the identity on G . It is the kernel of the natural homomor- 
phism 

$g: Aut(G, AT) ^ Aut(G) 

and it obviously contains kcr<i> = Zl{G, Z{N)) (Proposition A. 3). 

Each automorphism of G preserving N that induces the identity on G can be written in 
the form = ipf '■= f ■ idg, where f:G^N is a smooth function. We then have 

If / Iat • idA?: N is a diffeomorphism, then the map (^/ is a diffeomorphism of G with 

It is easy to see that tp/ is a group homomorphism if and only / G Zl{G, N)cf^ with 
respect to the conjugation action Cn of G on N . This means that 

Gau(G)-(Z](G,7V),*)x 

is the unit group of the monoid Zl{G, N) , where the monoid structure on Zl{G, N)cfj is given 
by ¥'/i*/2 = </f/i o<P/2 and 

(/i * /2)(7) = /i(/2(7)7)/2(7) = /i(/2(7))C/,(9)(/i(7))/2(7) = /i(/2(7))/2(7)/i(7)- 

This formula shows in which way the pointwise product on the group G^ (G, N) is twisted to 
obtain the monoid structure on Zl{G, N) . ■ 

Instead of considering the subgroup im($) = (Aut(-A/') x Aut(G))[f], one may also consider 
the larger subgroup 

Comp(S') := (Aut(Ar) x Aut(G))[s] = {{f,^)) G Aut(Ar) x Aut(G): {ip,ilj).S ~ S} 

of S -compatible pairs of automorphisms of N and G, and then identify im($) as a subgroup of 
Comp(5') . The group Comp(5) acts on Ext(G, N)[s] because its action on Ext(G. A' ) preserves 
the subset Ext(G, A^)[5] C Ext(G, A^). We also have a simply transitive action of the abelian 
group H^^{G,Z{N)) on Ext(G,Af)[s] induced from the action of Z^^{G,Z{N)) on Z^^{G,N) 

by 

(Corollary 11.13). For {(p,tp) G Comp(5') we then have 

^lj).{f3.{S, iv)) = {if, V).(5, /? • w) = ((<^, {{if, ■ (<^, i,).uj) . 
This implies that the actions of Comp(S') and Hg^{G, Z{N)) on Ext(G, A'^)[s] satisiy 

(<p,^).([/3].[G]) = ((^,^).[/3]).((^,V).[G]). 

Proposition A. 8. For {(p,tp) E Comp(S') let I{(p,ip) G H^g{G, Z{N))s denote the unique 
cohomology class with {ip,'ip).[G] = I{ip,ijj).[G]. Then the following assertions hold: 

(1) The action of Comp(S') on Ext(G, N)[s] = H^si^, Z{N))s.[G] has the form 

(^,V).([/3].[G]) = ((<^,^).[/J] +/(<p,^)).[G]. 

(2) I: Comp(S') ^ H^,{G, Z{N))s is a I -cocycle for the action of Comp(S') on H^^{G, Z{N))s . 
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(3) If G = N X(s,u}) G, then there exists an ho G Cl{G,N) with {ip,ilj).S = ho-S and 

tp) = [(^, ip).uj - ho *s w]. 

(4) If I{ip,ip) = 0, then there exists some 7 e Cl{G,Z{N)) with dgto = {(f,4>).u} — ho*s^ > diT-d 
for h := ho ■ J the map 

2^:^ X(5_„) G^N X(5,„) G, {n,g) ^ {ip{n)h{i}{g)),^l>{g)) 

is an element of Aut(G, A'') with ^{v) = {(f, ip) ■ 
Proof. (1) is clear. 

(2) For (</?, V), (</?', ^i-') G Comp(S') we have 

/((¥',V')(¥'',V''))-[G] = {{^,^l^WA')).[G] = 

= ^)./(<p',V')).(/(<^,^).[G]) = + ^)).[G]. 

(3) As G Coinp(S'), we have S' := {(f,tp).S ~ S, so that there exists an ho S 
Cj{G, N) with S' = ho.S = {Cn o ho) ■ S. Let to' := {if, 7p).uj. Then 

Cjv o ui' = Ss> = Cn ° {ho *s 'jJ) 
imphes that /? := w' — /iq *s w € Z^g{G, Z{N))s, and we have 

{(fi, ip).{S, u) = (S", uj') = f3.{S', ho *s oj) = (3. {ho-S, ho *s oj) ~ f3.{S, oj). 
Therefore the cocycle I is given by 

I{ip, V) = m = [w' - ho *s oj] = [{if, i>).uj - ho *s w] G Hl{G, Z{N))s. 

(4) If I{(p,ip) = 1, then there exists some 7 e Cl{G,Z{N)) with /3 = dsj, so that 
we obtain for /i := /iq • 7 the relations S' = h.S and co' = /iq *s w + dg^ = h *s <^-, i-e., 
(5', w') = h.{S, uj) . Then the map 

Xh-.N x^S',u^')G ^ N X(s_^) G, (n,5) ^ {nh{g),g) 

is an equivalence of extensions (Proposition 11.10), and composition with the isomorphism 

IJ-{^,i,y-N X(^s,u^) G^ N X(s',a.') G, {n,g) ^ {ip{n),tp{g)) 

(Lemma A.l) leads to the automorphism v. ■ 
We now see that the exact sequence from above has a prolongation: 

Theorem A. 9. The following sequence is exact 

1 ^ Zl{G,Z{N))s ^ Ant{G,N)^Comp{S)^Hi{G,Z{N))s. 

Proof. This follows from Lemma A. 2 and Propositions A. 3 and A. 8, which yields 

im($) = Comp(S') <5 = /"^(O). ■ 
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Automorphism groups of Lie group extensions 

So far we dealt with pairs (ip,ip) G Aut(A^) x Aut(G) coming from automorphisms of the 
extension q:G ^ G with kernel N , which lead to the exact sequence 

{AA) 1 ^ Zl{G,Z{N))s ^ Aut{G,N) {Aut{N) x Aut(G))jgj 1. 

If we are given a group homomorphism 

^ (Aut(iV) X Aut(G))jgj = (Aut(A) x Aut(G))[s,^] = im($), 

then each element ip{h) comes from an automorphism ijj{h) G Aut(G, N) , but this automorphism 
is not unique if Zl{G, Z{N))s ^ 1 . To obtain a group homomorphism -tp: H —i- Aut(G, A'^) lifting 
tp, a certain cohomology class in H'^{H, Zl{G, Z{N))s) has to vanish, i.e., the abelian extension 
ip* A\it{G,N) of H by Zl{G, Z{N))s has to split. That this is not always the case is shown in 
the following example, where we describe a central extension Z ^ G ^ G for which (A. 4) does 
not split. 

Example A. 10. (a) We construct an example of a central extension Z^G = ZxfG^G 
of finite-dimensional real Lie groups, for which the sequence 

Zl{G,Z) ^ Hom(G,Z) ^ Aut(G,Z) ^ (Aut(Z) x Aut(G))[/] 

is not split. As this is an exact sequence of finite-dimensional real Lie groups, it suffices to show 
that the corresponding sequence 

^ HomLie(0,3) ^ der(0,3) (der(3) x der(g))[;^] 

of Lie algebras is not split if w e Z^{g,}) satisfies 5^3 ©a; £1- 

Let G be the 3 -dimensional real Heisenberg group and g is Lie algebra. Then g has a 
basis of the form p, q, z satisfying 

b. a] = [p, z\ = [q, z\=Q 
and we identify G with g , endowed with the Campbell-Hausdorff product 

...:=x + , + i[.,.l. 

Note that all left multiplications \x{y) := x * y are afiine maps. 
We consirder the cocycle cu G Z'^{g,R) with 

uj{p,z) = l, u>{q, z) = uj{q, z) = 0. 

We then obtain a central extension g := M ©a; £1 of by 3 := R, and in [Ne04b, Ex. A.8] it is 
shown that the exact sequence 

HomLie(0,3) = HomLie(£l,3) ^ der(5,3) (der(g) x der(3))[^] 

is not split. More concretely, the action of b := HomLie (0,3(5)) Q der(9) preserves the class 
[u] G H'^{q,i), but the action of b on g does not lift to an action of the abelian Lie algebra b 
on 5. 

Let b := fl XI b be the semidirect sum. Then [w] G ^^^(0,3)'' , but there is no representation 
5 of b on lifting the representation on . ■ 
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Lemma A. 11. Suppose that G = N X{s,u}) G . Further let 6:H^ Cl{G,N) be a map with 

h.{S,oj) = e{h)-'^.{S,w) for all HgH 

and define the automorphism ip{h) e Aut(G',iV) by 

i>{h){n,g) ■.= {h.n-e{h){h.g)-\h.g). 

Then ip: H ^ Aut(G',7V) is a homomorphism if and only if 9 € Z^{H,Cl{G,N)^), where 
CliG, N)jf, stands for the group Cl{G, N) , endowed with the H -action given by (h.x) ■= ipih).X- 

Proof. That the maps 'ip{h) define elements of Aut{G,N) follows from Proposition A. 3(b). 
We have 

g) = i^{h)ih'.n ■ e{h'){h' .g)-\ h'.g) 

= (h.{h'.n ■ e{h'){h' .g)-'^) ■ 0{h){hh'.g)-'^,hh'.g'^ 

= {hh'.n ■ h.{6(h'){h' .g)-^) ■ 6(h){hh' .g)'^ , hh'.g^ 

= (/i/i'.n • {e{h) ■ h.e{h')){hh'.g)-^, hh'.g^ . 

This implies that 

<5^(/i,/i') = i}{h)^{h')^{hh')-^ e Zl{G,Z{N)) = ker$ C kut{G,N). 

In view of 

^{h)-\n,g) = {h-\n-h-\{e{h){g)),h-\g) = {h-\n ■ {h-\e{h)){h-\g),h-\g), 
the cocycle 6^ is given by 

e{h) ■ h.e{h') ■ hh'.{{hh')-\e{hh'))-'^ = e{h) ■ h.e{h') ■ e{hh')-^ = {dHe){h, h'). 

We conclude that z/; is a homomorphism if and only if ^ is a cocycle. ■ 

Remark A. 12. For a given homomorphism ip: H ^ (Aut(-/V) x Aut(G))[(5 ,^)] we may choose 
a map 6:H — > Cl{G,N) with h.{S,u>) = 6{h)~''^.{S,u>) for each h G H. We have seen in the 
preceding proof that 

im{dHO) C Zl{G,Z{N)) 

and that for the corresponding map ip: H —>■ Aut(G, N) we have (5^ = dnd- This is the cocycle 

of the abelian extension tp* Aut{G,N) of H by Zl{G,Z{N)) = ker$ obtained by pulling back 
the abelian extension 

Zl{G,Z{N)) ^ Aut(G,7V) ^ (Aut(7V) x Aut(G))[(s,,)]. 

We may thus assign to ip the cohomology class 

[dHe] = Aut(G,iV)] e H^{H,Zl{G,Z{N))^). 

If the cohomology class [dnO] vanishes, then there exists a map rj: H ^ Zl{G, Z{N)) with 
dnO = dnr], which implies that 9 :— ■ r]~^ satisfies dnO — and, in addition, h.{S,u)) = 
e{h)-\{S,oj) for each h€H. Therefore 0e Z^{H,Cl{G,N)^) defines a lift of V- Hence V 
lifts to a homomorphism -0: fl" — > Aut(G, iV) if and only if the cohomology class [dud] vanishes, 
which means that there exists a cocycle 6:H ^ Cl{G,N) with h.{S,u)) = 6{h)~^ .{S,co) for each 
heH. m 

In addition to the setting of the preceding subsection, we now assume that H is a Lie group 
and ask for smoothness properties of actions on G . 
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Proposition A. 13. Suppose we are given smooth actions of H on G and N by automor- 
phisms and that we have an action of H on G := N ^(s,u) G given by € Z^{H,Gl{G, Nj) 
via 

h.{n,g) = {h.n-e{h){h.g)-\h.g). 

Then the following assertions hold: 

(1) Each h £ H acts by a Lie group automorphism. 

(2) The action map a: H x G ^ G is smooth in an identity neighborhood of H x G if and only 
if the map _ 

e-.HxG^N, {h,g)^9ih)ig) 

is smooth in an identity neighborhood. 

(3) If N is abelian, then the action has smooth orbit maps if and only if all maps 

Og-.H^N, h^e{h){h.g)-^ ■uj{h.g,g-^) 

are smooth in an identity neighborhood of H . 

(4) The action a of H on G is smooth if and only if a is smooth in an identity neighborhood 
of H xG and all orbit m.aps are sm,ooth. If G is connected, then the smoothness of the orbit 
maps follows from the local sm,oothness of the action. 

Proof. (1) Each h G H acts by a group automorphism which is smooth in an identity 
neighborhood, hence a Lie group automorphism. 

(2) Suppose that the action is smooth in an identity neighborhood. Then the function 
{h,g) I— > 9{h){h.g) has this property and the map 

HxG^HxG, {h,g)^{h,h-^.g) 

is a diffeomorphism fixing (1,1). Therefore is smooth on an identity neighborhood. The 
converse is clear. 

(3) Since H acts by Lie group automorphisms, the orbit maps are smooth if and only if 
they are smooth in an identity neighborhood of H . 

It suffices to consider orbit maps of elements of the form (l,g) because H acts smoothly 
on N . For g € G the orbit map is smooth in an identity neighborhood of H if and only if the 
map 

h^{h.il,g)){l,g)-' = {e{h)ih.g)-\h.g){cjig-\g)-\g-') 

= (0{h){h.g)-'Sih.g){Lj{g-\g)-')-uj{h.g,g-'),ih.g)g-') 

(cf. Lemma ILS for the inversion formula) is smooth in an identity neighborhood, which is 
equivalent to the smoothness of 

h ^ e{h){h.g)-^ ■ S{h.g){u{g-\g)-^) ■ iv{h.g,g-^) 

in an identity neighborhood. 

If, in addition, N is abelian, then S defines a smooth action of G on N, so that 
S{h.g)[ui{g~^,g)~^) is a smooth function of h. Hence it suffices that the map 

h^e{h){h.g)-^ ■w{h.g,g-^) 

is smooth. 

(4) Since H acts by smooth automorphisms of G, the action of H is smooth if and only 
if all orbit maps are smooth and it is locally smooth in the sense of (2). 

The set of all elements of G with smooth orbit maps is a subgroup containing TV . If the 
action is locally smooth, then this subgroup also contains an identity neighborhood, hence the 
group N X(^Sa.uia') Gq , where Go is the identity component of G, 5*0 '■— S\g„ and luq := lu IgoxGo • 
If G is connected, this argument shows that the local smoothness of the action already implies 
the smoothness of all orbit maps. ■ 
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Appendix B. Lie group structures on groups 

Theorem B.l. Let G be a group and K = a symmetric subset. We further assume that 

K is a smooth manifold such that 

(LI) there exists an open 1 -neighborhood V C K with = V ■ V C K such that the group 
multiplication ^v'V x V ^ K is smooth, 

(L2) the inversion map r]K- K K,k is smooth, and 

(L3) for each g & G there exists an open 1 -neighborhood Kg C K with Cg{Kg) C K and such 
that the conjugation map 

Cg-. Kg ^ K, X l-^ gxg~^ 

is smooth. 

Then there exists a unique structure of a Lie group on G for which there exists an open 
1 -neighborhood Ki C K such that the inclusion map Ki G induces a diffeomorphism onto 
an open subset of G . 

If G is generated by each 1 -neighborhood U C K , then condition (L3) can be omitted. 
Proof. [Ne04a, Theorem A.4 and Remark A.5] ■ 
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